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Abstract.  We present an implementation technique for a class of bottom-up logic procedures. The 
technique is based on code trees. It is intended to speed up most important and costly operations, 
such as subsumption and resolution. As an example, we consider the forward subsumption problem 
which is the bottleneck of many systems implementing first-order logic. 

To efficiently implement subsumption, we specialize subsumption algorithms at run time, using 
the abstract subsumption machine. The abstract subsumption machine makes subsumption-check 
using sequences of instructions that are similar to the WAM instructions. It gives an efficient 
implementation of the "clause at a time" subsumption problem. To implement subsumption on the 
"set at a time" basis, we combine sequences of instructions in code trees. 

We show that this technique yields a new way of indexing clauses. Some experimental results 
are given. 

The code trees technique may be used in various procedures, including binary resolution, hyper- 
resolution, UR-resolution, the inverse method, paramodulation and rewriting, OLDT-resolution, 
SLD-AL-resolution, bottom-up evaluation of logic programs, and disjunctive logic programs. 
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1. Introduction 

Most automatic theorem-proving systems can be generally divided in two parts 
by their mode of evaluation (or clause generation). Top-down systems start from 
a goal, reducing it to subgoals until all subgoals become axioms. Such systems 
usually exploit just one branch of the search tree. Bottom-up systems usually deal 
with a database of clauses and generate new clauses by applying inference rules 
to clauses in the database. There are also systems that can combine top-down 
with bottom-up. 

Systems that keep track of previously generated clauses are said to retain 
information in (Wos et al., 1991). All bottom-up systems retain information. If a 
top-down system retains information, it is usually characterized as a combination 
of top-down and bottom-up. 

The systems retaining information show a superior performance when dealing 
with problems involving large search spaces. This has been widely recognized 

* Supported by Swedish TFR grant No. 93-409. 
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in the deductive database community. There are two main reasons why systems 
that retain information become more efficient on hard problems: 

1. Systems that retain no information must often do the same job on different 
branches of the search tree. 

2. In systems that retain information one can implement major operations on 
the "set at a time" basis, as opposed to "tuple a time" or "clause at a time" 
procedures used by, e.g., Prolog. 

Procedures retaining information have been traditionally used in automated 
deduction, since its very beginning. Recently, the need for such procedures has 
been recognized in logic programming and deductive databases. In logic pro- 
gramming, it has been noted that tabulation can both speed evaluation and give 
more declarative treatment of some subgoals. In deductive databases, where the 
databases can be very large, the old "tuple at a time" methods are not adequate 
any more. Also, deductive databases do not allow the query answering process to 
be controlled by a user. In this case recursive specifications can cause nontermi- 
nation, unless (some) intermediate goals are retained. In logic programming and 
deductive databases the systems that make use of previously generated claus- 
es (or goals) are usually considered as bottom-up procedures. Throughout this 
article we shall use "bottom-up" to denote procedures that retain clauses.* 

There are also systems that combine bottom-up and top-down evaluation. For 
instance, various modifications of magic sets transformations require the semi- 
naive bottom-up evaluation of the transformed logic program (Bancilhon et al., 
1986; Beeri and Ramakrishnan, 1987). SLD-AL resolution (Vieille, 1989) and 
OLDT-resolution (Tamaki and Sato, 1986; Warren, 1992) are further examples 
of systems that combine the bottom-up and top-down evaluations. In automatic 
theorem proving, model elimination, which is a top-down procedure, has recently 
been augmented with lemmas (Astrakhan and Stickel, 1992; Goller et al., 1994), 
which allow one to use previously proved subgoals. 

This article deals with an implementation technique for bottom-up systems, 
which can be used to speed up many important algorithms. 

Bottom-up algorithms have been used through the years in automated deduc- 
tion. They are used by many automatic theorem-proving procedures, e.g., bina- 
ry resolution (Robinson, 1965b), hyperresolution (Robinson, 1965a) and the 
inverse method (Maslov, 1967; Voronkov, 1992). In order to efficiently implement 
such procedures, indexing techniques have been developed (Overbeek, 1975; 
McCharen et al., 1976a; McCharen et al., 1976b; Stickel, 1989; McCune, 1988; 
McCune, 1992). Indexing allows main operations (like resolution and subsump- 
tion) to be implemented on the "set at a time" basis. As noted in (Wos, 1992), the 
implementation of discrimination trees in the well-known theorem prover Otter 
resulted in a much faster performance. 

* The bottom-up methods of search are also sometimes called indirect methods, as opposed to 
direct top-down methods. (Lincoln Wallen, private communication). 
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Most bottom-up systems are based on the following loop that resembles the 
"closure algorithm" from (Lusk, 1992): 

Let D be the initial database of clauses. 
loop: 

1. Apply given inference rules to D (or a part of D). Let AD be the new 
clauses. 

2. If D, AD satisfy a termination criterion, then terminate. 
3. Apply a retention test to AD. 
4. Change D, based on £xD. 
5. Add ~xD to D. 

end of loop. 

For this class of procedures, we call clauses in D kept clauses, and clauses in 
A D new clauses. 

Let us consider these steps in more detail. 
1. Inference rules are usually resolution rules applied to clauses from D. In 

SLD-AL resolution, inference rules and clauses are more complicated. In 
fact, it supports two kinds of clauses: the first represents queries, and the 
second represents solutions to the queries. 

2. There are many kinds of termination criterion. Usually, the procedure ter- 
minates when a goal is found. The termination criterion can also be based 
on the saturation: the procedure terminates when no new clauses can be 
generated. 

3. The retention test for AD usually includes forward subsumption: remove 
from AD every clause subsumed by a clause in D. In principle, there might 
be other criteria for discarding new goals (McCune, 1990). When the number 
of generated clauses is big compared with the number of kept clauses, forward 
subsumption becomes the most costly operation. 

4. The changes in D are induced by new clauses from AD. Two algorithms 
may be applied at this stage. Back subsumption consists of removal from 
D every clause subsumed by a clause from AD. If a new clause includes 
equalities, it can be used for back demodulation, i.e., rewriting applied to 
clauses from D. 

This loop is used in most implementations of binary resolution and hyper- 
resolution (Robinson, 1965b; Robinson, 1965a), the inverse method (Maslov, 
1967; Voronkov, 1992), implementations based on magic sets (Bancilhon et al., 
1986; Beeri et al., 1987), tabled computations of logic programs (Tamaki and 
Sato, 1986; Warren, 1992; Sudarshan and Ramakrishnan, 1993), various deduc- 
tive databases procedures, for example, query answering and integrity checking 
(Lloyd and Topor, 1985; Lloyd et al., 1986; Decker, 1986; Das, 1992), bottom-up 
static analysis of logic programs (Codish and Demoen, 1993), constraint logic 
programming, parsing (Tambe and Rosenbloom, 1994), and production systems 
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(Maeda et al., 1994). Top-down procedures that use lemmaizing, like SLD- 
AL resolution (Vieille, 1989) or some implementations of model elimination 
(Astrakhan and Stickel, 1992), also use a similar scheme. 

Certain specific features of such systems pose a challenge to people who 
implement them: 

1. There is usually a small number of operations that must repeatedly be applied 
to clauses in the database (for example, resolution). 

2. The database may be very large and dynamically changing. 

3. The number of calls of these operations is so big that it is practically impos- 
sible to implement them on the "clause at a time" basis. 

Below we shall consider particular examples that illustrate the number of oper- 
ation calls for some hard problems in automated deduction. 

The main problems faced by bottom-up procedures are based on the necessity 
to efficiently handle large dynamically changing databases of clauses. Implemen- 
tations of Prolog meet very different problems. Goals in Prolog are executed on 
the "goal at a time" basis, which requires very fast processing of the current 
goal. WAM, which has become a standard for implementing Prolog, is hence 
designed with the aim of the efficient execution of one (current) subgoal or a 
chain of subgoals at a time. Such "goal at a time" processing is inadequate for 
bottom-up algorithms which must often handle millions of clauses.* 

In this paper we introduce an implementation technique called code trees 
which is intended for speeding these basic procedures. We shall show its use on 
the forward subsumption problem. The idea of code trees is very general and may 
as well be applied to various concepts of resolution. It can also be used for the 
implementation of equality reasoning procedures, like paramodulation (Robinson 
and Wos, 1969) and rewriting. 

Our technique is based on the following two main ideas. The first idea is to 
compile specialized subsumption procedures for kept clauses. It can be considered 
as a run time specialization of a general subsumption algorithm. This technique 
has much in common with the technique of WAM-based Prolog implementations. 
We call it the abstract subsumption machine. It gives a very efficient subsumption 
algorithm for the problem of subsuming a clause by a clause. A specific feature 
of the use of this approach is that the compilation must be performed at run 
time. 

When the set D of kept clauses is large, the implementation of subsumption 
on the "clause at a time" basis becomes inefficient. The second idea of this paper 
is to perform subsumption on the "set at a time" basis via code trees that merge 
several specialized algorithms into one. 

* In our experiments we tried benchmarks where around 900,000,000 clauses were generated, 
and the number of subsumption-checks was about 20,000,000,000. 
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Fig. 1. The clause P(9(xo, xl), f(a, xo, x2)) and its set of positions {p0,...,/97}. 

2. Subsumption: The Abstract Subsumption Machine 

We assume acquaintance with the basic notions of terms and substitutions. A 
clause is a list of terms. Terms in a clause are also called literals. Variables will be 
denoted by the lower case letters x, y, z, u, v, w, maybe with indices. Let Cl, ca be 
two clauses. Clause cl subsumes clause c2 iff there is a substitution 0 such that clO 
is a subset of c2". For example, let Cl = {P(x, f(y)), P(z, f ( f ( z ) ) )}  and c2 = 
{P(y, f ( f (y)))} .  Then Cl subsumes c2 with the substitution [x/y ,y/ f (y) ,z /y]  
and c2 subsumes Cl with the substitution [y/z]. 

A clause is a unit clause iff it consists of exactly one literal. Clauses with more 
than one literal will be called multi-literal clauses. In most logic programming 
applications, the bottom-up procedures use only unit clauses. Multi-literal clauses 
are used in disjunctive logic programs, theorem proving procedures and static 
analysis of logic programs. In this section, we only consider unit clauses. 
Multi-literal clauses will be considered in Section 4. 

The algorithms considered in this paper deal with positions in clauses. A 
position in a clause c corresponds to an occurrence of a subterm in c. A tree rep- 
resentation of the (unit) clause P(g(xo, xl), f(a, xo, x2)) and the corresponding 
set of positions are given in Figure 1. This clause will be our running example 
until the end of Section 3. 

In order to present our algorithms, we need to introduce a few operations on 
positions. Let p be a position, corresponding to ti in a subterm f ( t l , . . . ,  tn). 
Then right(p) is the position to the right of p, i.e. the one that corresponds 
to ti+l. If such position does not exist, ri9ht(p) is undefined. For example, on 
Figure 1 we have ri9ht(p~) = P2, right(ps) = P6 and ri9ht(po ) is undefined. 

If the position p corresponds to a term t then down(p) denotes the position 
of the first argument of t. If t has no arguments (i.e. t is a variable or a constant) 
then down(p) is undefined. For example, on Figure 1 we have down(po) = pl, 
down(pl) = P3 and down(p6) is undefined. 

var(p) is true iff the term at the position p is a variable, functor(p) denotes 
the principal functor of the term in the position p. For simplicity, we assume 
that the arity of each function symbol is fixed. For example, terms g(x) and 

* In other words every literal in ClO iS a literal in c2. 
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g(x, y) cannot  be used together.* defined(p) is true iff p is a valid position in the 
clause (operations down, right may lead to invalid positions). For  p, q positions, 
p = =  q is true iff terms at positions p, q are equal. ¢ ¢  is the negation of  - -  

For  example,  on Figure 1 var(po) is false, par(p7) is true, functor(po) = P, 
P3 = - =  P6 is true and P3 = =  Pl is false. 

For  unit clauses Cl, c2, the subsumption problem reduces to the matching 
problem: find a substitution 0 such that clO = c2. An example of  the matching 
algorithm match is given in Figure 2. We do not claim this algorithm to be the 
most  efficient. One can often do better, depending on the nature of  the problem 
and the concrete representation of  clauses. 

Algorithm match(el, c2) 
Let  p, q be positions 
Let  subst, post be initially empty stacks of  pairs of  positions 

begin 
p u s h (  < el , e2 > , p o s t  ) ; 
while nonempty(post) { 

(p,q> :=  pop(post); 
v a t ( p )  

then push( (p, q}, subst) 
e l s e  i f  vat(q) o r  funetor(p) 7 ~ funetor(q) 
t h e n  exit with fail 

else { 
if defined(right(p)) then push( (right(p), right(q)),post); 
i f  defined(down(p)) t h e n  push( ( down(p), down(q)},post) 
} 

} 
f o r a l l  cliques e = (Po, qo},..., (P~, qn} E subst 
forall i E { 1 , . . .  , n}  { 

i f  q0 = =  qi 
t h e n  remove  (pi, qi) f rom subst 
e l s e  exit  with fail 
} 

exit with success 
end  

Fig. 2. The general matching algorithm for clauses el, c2. 

* In logic programming language such use of functors is allowed. In this case we have to 
consider pairs g/n consisting of a function symbol and its arity. We do not treat this case, for the 
sake of simplicity. 
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In this algorithm the stack subst represents the matching substitution. The 
stack post is used to keep the pairs of positions whose matching is postponed. 
p, q are used to denote the positions which are currently under consideration. 

For a stack S and an element e, push(e, S) denotes the operation of adding 
e at the beginning of S. To add e to the end of the stack S, we write add(e, S). 
pop(S) removes the first element from the stack S and returns this element as 
the result, nonempty(S)  is tree if the stack S is not empty. 

Let S = {po, qo), . . . ,  (pr~, qn), where Pi are positions. Then tail(S) is (Pl, ql), 
• . . ,  (Pn, qn). a clique in S is any maximal subsequence (Pio, qi l) , . . . ,  (Pik, qik) 
of S such that k/> 1 and Pij = =  Pio for all j E { 0 , . . . ,  k}. 

The algorithm match tries to construct a substitution 0 such that clO = c2. 
First of all, match traverses the Cl and c2, putting into subst pairs (v, t), where v 
is a variable in cl, t a term in e2. Then it compares terms in c2 corresponding to 
different occurrences of the same variable in cz. There were two reasons for us to 
delay the comparison. The first reason is that the term comparison is potentially 
very costly operation. The second reason is that this form of the algorithm makes 
more code sharing considered below in Section 3. 

'THEOREM 1. The algorithm match is sound and complete. More precisely: 
1. If  el does not subsume c2, then match(el, c2) terminates with failure. 
2. If  cl subsumes c2, then match(el, c2) terminates with success. In this case 

after termination subst contains the matching substitution. 
Proof Omitted. 

The set of clauses in bottom up procedures is dynamically changing. Thus, it is 
not possible to pre-compile the subsumption algorithm. However, one can try to 
compile subsumption algorithms for kept clauses c at run time, in order to execute 
subsumption more efficiently. The compilation requires some time, but it can 
improve the performance in general, if the subsumption algorithm between e and 
other clauses will be called several times. Since clauses cl, c2 in match(el, c2) 
play different roles, there are two ways to specialize the subsumption algorithm 
match. If cl is given and c2 is unknown, we obtain a specialized algorithm 
smatchcl (e2). It is used for the subsumption of new clauses by Cl (forward 
subsumption). In the other case, if c2 is given and cl is unknown, we obtain 
a specialized algorithm smatchc~ (el). It is used to subsume Cl by new clauses 
(back subsumption). The two specializations are quite different. For simplicity 
and because lack of space, we shall consider only forward subsumption. 

We shall represent the specialized matching algorithms as a sequence of 
instructions of an abstract machine. All possible instructions form "the build- 
ing blocks" of matching algorithms. For reasons that will be clear in Section 3 
it is preferable that the instruction set be as simple as possible. We shall show 
an example how to produce these instruction sets for the matching problem. 
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A l g o r i t h m  match p(g(xo,xl),f(a,xo,x2) ) ( c) 
Let  q be  a posit ion 
Let  subst,post be initially empty  arrays of  positions 

begin 
q :=  c; Initialize 
i f  var(q) o r  functor(q) 7 ~ P t h e n  exit with fail; Check P 
q :=  down(q); Down 
i f  var(q) o r  functor(q) 7 ~ g t h e n  exit with fail; Check g 
post[O] :=  right(q); Push 0 
q :=  down(q); Down 
subst[O] :=  q; Put 0 
q :=  right(q); Right 

subs@] :=  q; Put 1 

q :=  post[O]; Pop 0 
i f  var(q) o r  functor(q) ¢ f t h e n  exit with fail; Check f 
q := down(q); Down 
i f  var(q) o r  functor(q) 7 t a t h e n  exit with fail; Check a 
q :=  right(q); Right 
subst[2] :=  q; Put 2 
q :=  right(q); Right 

subst[3] :=  q; Put 3 

i l  subst[O] 7~7~ subst[2] exit with fail; Compare 0 2 
exit  with success Success 

e n d  

Fig. 3. The specialized matching algorithm for the clause P(g(xo, Xl), f(g,  ZO, X2)). In 
the right column there are instructions of the abstract subsumption machine. Unnecessary 
instructions are shown in roman letter, like Right. 

Le t  cl = P(g(xo, Xl), f(a, Xo, x2) ). When we partially evaluate match with 
respect  to cl as the first argument,  we obtain the specialized algori thm shown in 

Figure 3.* 
Each line of  this specialized algori thm is an instruction of  our abstract sub- 

sumption machine. There  are nine different kinds of  instruction (Initialize, Check, 
Down, Right, Push, Pop, Put, Compare, Success).  They are displayed in the right 

* We also perform an obvious optimization. Instead of the sequence of instructions 

push( E , post) , 
q := pop(post), 

where E is an expression, we use the equivalent q := E. 
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column of Figure 3. Some of instructions have parameters (Check, Push, Pop, 
Put and Compare). 

One can imagine the abstract subsumption machine as a kind of Turing 
machine, q plays the role of the head of the machine. Instead of moving along 
the tape, the head q moves on the set of positions in the clause. It uses two 
arrays: post to record positions to be considered later and subst for keeping 
tracks of terms substituted for variables. The meaning of the set of instructions 
is the following: 

Initialize 
Check P 
Down 

Right 

Push n 
Pop n 
Put n 

Compare m n 

S u c e e  s s 

Set q to the initial position (the term c). 
Check that functor(q) is P.  
Go down the current position (i.e., from a term to its argu- 
ments). 
Go to the fight (i.e., from an argument in a term to its next 
argument). 
Push the position to the fight off the nth position in post. 
Set q to the nth position in post. 
Put the current position on the nth position in subst (as the 
substitution for the nth variable). 
Compare terms at positions m, n in subst (both positions cor- 
respond to the substitution for the same variable). 
Exit with success. 

If a Compare or a Check instruction fails, then the whole algorithm fails. We 
shall prove in Theorem 2 below that these nine types of instruction are enough 
to specialize mateh(cl, c2) for any cl. The proof will use a specializing algo- 
rithm. 

The specializing algorithm matchspec accepts a term cl as the input and 
constructs the instruction sequence for the subsumption of c2 by cl. The algorithm 
matehspec is shown in Figure 4. The following theorem shows the soundness 
and correctness matchspec algorithm. 

THEOREM 2. For all unit clauses cl, c2, matchspec(c,)(e2) is equivalent to 
match(el,c2); that is one of them terminates with success iff the other one 
terminates with success. 

Proof (Sketch). By induction on the size of Cl one can show the following. 
Let matcl be obtained by the unfolding of match using cl as the first argument. 
Replace in marc1 all sequences of instructions of the form 

push(E,  post), 
q := pop(post), 

where E is an arbitrary expression by the equivalent q := E. It is easy to see 
that we obtained exactly matchspeccl. 
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Algorithm matehspec(c) 
Let p be a position 
Let subst, post be initially empty stacks of pairs of the form (position,number) 
Let instr be an initially empty instruction sequence. 
Let var_eount, post_count := 0 

begin 
add(Initialize, instr); 
p := e; 
l o o p  

i f  var(p) 
then { 

Add Put  var_count to instr; 
Add (p, var_count) to subst ; 
var_eount := vat_count + 1 
} 

e l s e  Add Checkfunctor(p) to instr 
i f  defined(down(p)) 
then { 
if defined(right(p)) 
then { 

Add Push post_count to instr; 
push( ( right (p ), post_count}, post); 
post_count := post_count + 1 
} 

Add Down to instr; 
p := down(p) 
} 

e l s e  i f  defined(right(p)) 
then { 

Add Right to instr; 
p := right(p) 
} 

e l s e  i f  nonempty(post) 
then { 

(p, k) = pop(post); 
Add Pop k to instr 
} 

e l s e  exit loop 
end of loop 
forall cliques c = (Po, ko}, . . . , (pn, kn) E subst 
forall i 6 {1 , . . .  ,n} add Compare ko ki to instr 

end  

Fig. 4. The specializing algorithm matchspee(c). 
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In our early experiments we used the abstract subsumption machine in two ways. 
The first way is to create, for each kept clause c, a structure representing the 
sequence of instructions of matehspec(c). Then, instead of performing sub- 
sumption on two terms cl, c2, we used an interpreter of the abstract machine. 
The interpretation could give from no speedup (ground terms) to speedup of the 
order of 3-4 (clauses with about 10 occurrences of variables). The second way 
was to compile the abstract machine into the native code of our computer. On 
clauses with 10 occurrences of variables the speedup of the compilation approach 
was of the order of 10. This latter is a considerable improvement of subsumption 
performed on the "clause at a time" basis. However, the main idea behind the use 
of the abstract machine is much more powerful than that. The idea is to combine 
instruction sequences in code trees. 

3. Code Trees 

It has been widely recognized in the deductive database research that the logic 
programming "goal at a time"* mode of evaluation is not adequate for han- 
dling large amounts of clauses. It is true both for rules producing new clauses 
and for subsumption algorithms. In this section we demonstrate how to perform 
subsumption on the "set at a time" basis using code trees. 

The idea of code trees is simple but extremely powerful. In the preceding 
section, we created a sequence of the abstract subsumption machine instructions 
in order to represent a specialized subsumption algorithm matchspec(c) induced 
by a given clause c. Code trees create similar instructions in order to repre- 
sent a specialized subsumption algorithm MatchD induced by a given set of 
clauses D. Code trees can be considered as the abstract subsumption machine 
extended by several new instructions. We gave it a different name to stress that 
the instructions of MatchD do not form a linear structure as the instructions of 
matehspee(c). Rather, they are structured as trees.** Thus, we dynamically cre- 
ate an algorithm for the forward subsumption problem induced by a dynamically 
changing database of clauses. 

Assume that we have a (large) database D of kept clauses and a new clause d. 
We have to check whether d is subsumed by a clause in D. There are at least two 
ways to perform subsumption by D on the "set at a time" basis. The first idea is 
to exploit the common structure of clauses in D in order to select a (small, one 
hopes) subset of potential candidates for subsumption. This idea has given rise 
to the use of various indexing schemes, such as discrimination trees (McCune, 
1992) or path indexing (Stickel, 1989). Indexing plays the role of afilter for the 
selection of potentially useful clauses. The second idea is to combine algorithms 

* In deductive databases it is also called "tuple at a time," since deductive databases consider 
relations as sets of tuples. 

** In the case of multi-literal clauses, the specialized code is even more complicated than trees. 
For example, there are instructions which cause backtracking. 
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Initialize 
Check P 

Down 
Put 0 
Right 

Check a 
Right 
Put 1 

Compare 0 1 
Sucee88 

Initialize 
Check P 

Down 
Put 0 
Right 

Put 1 
Right 

Check b 
Compare 0 1 

S u c c e s s  

F . . . . . . . . .  7 

~io : Initialize i1~ 
~il : Check P i2 ~ 
, i.2 Downi3  ] 

~.3 Put 0 i4 
1~4 Right i5 
L . . . . . . . . .  J 

" i5 : F o r k  j5 i6 j5 : Res tore  j6 
i6 : Check a i7 j6 : Put j i7 
i7 : Right is j7 : Right J8 

is : Put 1 i9 j8 : C h e c k  b J9 
i9 : Compare 0 1 ilo j9 : compare 0 1 jlo 

ilo : Success  jlo : Success  

Fig. 5. Two instruction sequences and the corresponding code tree. Shared parts of code 
are put in a dashed box. 

that perform subsumption by D in one algorithm (the code tree). In Section 5 

we briefly compare  the two approaches. 
Let  us start with an example.  Consider two instruction sets, which represent 

forward subsumption algorithms for clauses P ( x ,  a, x )  and P ( x ,  x ,  b). They are 

shown in Figure 5 on the left. 
The  first five instructions of  the two sequences coincide. It means that two 

algorithms do the same job in the beginning. In order to not repeat the same job 
we can perform subsumption as follows. First of  all, we execute the common five 
instructions. If  one of  these common instruction fails, then the algorithm fails. 
Then we execute  the rest of  the first instruction sequence. I f  it fails, we backtrack 
to the point where the two sequences diverge and execute the rest of  the second 
instruction sequence. For  such an algorithm to be sound we have to ensure that 

all state changes made after the backtrack point be restored after backtracking. To 
this end we add two additional instructions: F o r k  and R e s t o r e .  F o r k  memorizes 
values of  variables which may have changed after having executed the rest of  

the first instruction sequence. R e s t o r e  restores the values. We call such a pair 
F o r k - R e s t o r e  a fork.* The new set of  instructions representing subsumption for 
this set of  two clauses is shown on Figure 5 on the right. The instructions form 

a tree. Since the set of  clauses D can be changing dynamically, each instruction, 
except  for S u c c e s s ,  must have an additional argument representing the next  
instruction. This argument may change when we add new clauses to the database 
D or remove  clauses f rom D. Such sets of  instructions represent the subsumption 
algorithm for the set  of  clauses D. We called them code trees for the following 

reasons: 
1. They  can be considered as a code for the subsumption algorithm; 

2. They  have a tree-like structure; 

* We have organized the abstract machine instructions in such a way that the only value that 
needs to be restored is the position of the head, i.e., the value of q. We achieved this by imple- 
menting stacks subst, post via arrays which resulted in having additional arguments to the Push, 
Pop, and Put instructions. 
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3. They can grow and shrink dynamically: new paths can be added and existing 
paths can be pruned; 

The use of the code tree is the following. With each new clause d to be 
added to the database D, we integrate the corresponding instruction sequence 
matchspec(d) into the code tree T. The integration process consists of finding the 
longest path in the tree that coincides with matchspec(d) (disregarding forks). 
Then we add a new fork together with the rest of matchspec(d) at the node where 
the path must diverge with matchspec(d). We denote the insertion operation 
Insert(I, T). 

We also use the procedure of removing the path matchspec(d) from the 
tree. We need to remove it for efficiency reasons when d is removed from the 
database (for example by back subsumption). The removal consists of finding 
the path that corresponds to matehspee(d) and removing the part of this path 
starting from the last fork together with the fork. We denote the removal operation 
Remove(I, T). 

When we add/remove instruction sequences, we have to also change some 
arguments of instructions in the code tree, as can be seen on Figure 5. Assume that 
the tree consists of the instructions for the first clause P(x, a, x), and we merge 
the instructions for the second clause P(x, x, b) into it. Then the argument of the 
Right instruction must be changed from the address of the Check a instruction 
to the address i5 of Fork. 

Now we shall explain the semantics of the instruction set used in code trees 
similar to the one given on Figure 3. First of all we note that all previously 
used instructions have an additional argument representing the next instruction. 
After having executed an instruction, we have to pass the control to this next 
instruction. For example, Right n now means 

q := right(q); 
goto n 

The other instructions are changed in the same way. To implement new instruc- 
tions Fork and Restore, we introduce two new stacks back and heads repre- 
senting backtrack points and head positions that need to be restored. Each Fork 
instruction creates a backtrack point and memorizes the current position of the 
head q. Each Restore instruction restores the position of q. Instructions Check 
and Compare which may fail now try to backtrack to the previously stored 
backtrack point: 

i f  var(q) or  functor(q) # f 
t h e n  i f  empty(back) 

t h e n  exit with fail 
e l s e  g o t o  pop(back) 

e l s e  g o t o i k  Check f ik 
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push(q, heads); 
push(ij ,  back); 
goto ik; 

q := pop(heads); 
goto  ik; 

Fork ij ik 

Restore ik 

We defined the semantics of the code tree instructions. To prove that we use 
code trees correctly, we introduce some formal definitions. We call extended 
instructions all previously introduced instruction having the additional argument 
representing the next instruction. A code tree is any finite set of extended instruc- 
tions. We call arguments representing instructions addresses of these instructions 
(i0,. . . ,  jl0) in Figure 5. We shall often identify instructions in a code tree with 
their addresses. An extended path in the code tree is any sequence of instructions 
defined by induction in the following way: 

1. Any single instruction is an extended path. 
2. Let i l , . . . ,  in be an extended path. 

(a) If in has the instruction i as its last argument, then i l , . . .  , in, i  is an 
extended path. 

(b) If in is a Fork j k instruction, then i~,. . .  , in , j  is an extended path. 
Paths in the code tree are obtained from extended paths by deleting all Fork and 
Restore instructions and omitting the last argument of each remaining instruc- 
tion, except for Success. For example, the extended path 

il: Initialize i6 
i6: Fork i7 i8 gives the path Initialize 
i8: Restore i12 Check P 
i12: Check P i16 

A completed (extended)path is an (extended) path whose last instruction is 
Success. An instruction j is reachable from / in the code tree T iff there is 
an extended path / , . . . ,  j in T. A code tree T is consistent iff it satisfies the 
following properties: 

1. There is exactly one Initialize instruction in T. 
2. Every instruction / E T is reachable from the Initialize instruction. 
3. For every instruction i E T that is not a Success instruction, there is a 

Success instruction reachable from I. 
4. For every instruction i E T, the last argument of i is not a Restore instruc- 

tion. 
5. For every Fork i j instruction, i is a Restore instruction. 
6. There are no loops in T; i.e., the lengths of extended paths in T are restricted. 

We shall only consider consistent code trees. 
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A code tree T corresponds to a set of clauses e 1, . . . ,  Cr~ iff the set of all 
paths in T is exactly {matChcl , . . . ,matChc~} .  Now we can formally define 
the execution of the code trees T with respect to a clause d as the sequence 
of extended instructions, starting from the Initialize instruction, which would 
have been executed by T on d according to the given semantics of the extended 
instructions. 

THEOREM 3. Let the consistent code tree T correspond to the set o f  clauses 
C, and let d be a clause. Then the execution of  T on d terminates with success 
iff d is subsumed by a clause in U. 

Proof  (Sketch). 
1. Assume that the execution succeeds. Consider the sequence I of instructions 

executed by T. If a backtrack happened in I (i.e., two instructions F o r k  i j 
and i: Res tore  k were executed), then the part of I between this two instruc- 
tions can be safely removed. After removal of all backtrack points from I, 
we obtain an extended path J.  Let JP be the path obtained from J by remov- 
ing all F o r k  and Res tore  instructions. It is easy to see that the executions 
of J and JP give the same result, i.e., both of them succeed. We know that 
J~ = matchspec(c)  for some c E C. Applying Theorems 1 and 2, we obtain 
that d is subsumed by c. 

2. Assume that the execution fails. Since any instruction i E T is reachable from 
the Initialize, there is at least one failing Check or Compare instruction on 
any path. Applying the same arguments as above, we obtain that no c C G' 
subsumes d. 

A consistent code tree T is in the tree form iff 
1. The last arguments of any two instructions in T are different. 
2. The first arguments m of any two different F o r k  m n instructions are dif- 

ferent. 

THEOREM 4. Let the code tree T be in the tree form with n instructions. Then, 
for  every clause e, execution of  T on e calls at most n instructions. 

Proof. Trivial. 

This theorem formally states the importance of having fewer instructions in a 
code tree. It is thus important to have more shared instructions in the tree, 
i.e., instructions that lie on many paths. The need for more sharing explains 
some features of the design of code trees. In many cases we could speed single 
instruction sequences for subsumption by changing the order of instructions or 
by introducing new instructions. But it would create code trees with less sharing 
and thus decrease the efficiency of the "set at a time" subsumption. 

The following theorem shows that we achieved a maximal sharing on some 
instructions. 
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THEOREM 5. Let Il = matchspec(cl)  and I2 = matchspec(c2). Let the 
first n instructions o f  I1, I2 coincide. Let the n + lth instruction of  I1, I2 be 
Push m,  Push n. Then m = n. The same holds for  Pop and Put instructions. 

Proof. By routine inspection of matchspec.  

THEOREM 6. Let T be a consistent code tree in the tree form. Let I = 
matchspec(  c). The In se r t (  I,  T)  and Remove(  I,  T) are consistent code trees 
in the tree form. Let, in addition, T correspond to a set o f  clauses C. Then 

1. I f  no clause in C is a variant of  c, then I n s e r t ( l ,  T)  corresponds to C U c, 
otherwise I n s e r t ( I ,  T)  corresponds to C; 

2. R e m o v e ( I ,  T) corresponds to C without all variants of  c; 
Proof. Straightforward, but tedious. 

Note that by using code trees we obtained an interesting technique of index- 
ing in presence of variables. It has been noted in (Sudarshan, Ramakrishnan, 
1993) that the non-ground subsumption-checking is difficult: "In the general case, 
subsumption-checking is a costly operation, and we are not aware of efficient 
subsumption-checking techniques for the case of arbitrary non-ground facts . . . .  " 
Variables create a problem for indexing because in most logic programming and 
theorem proving implementations they are implemented as addresses in memo- 
ry. Any two occurrences of variables in two different clauses are two different 
addresses. Our technique discriminates variables in the order of their occur- 
rences in clauses. Thus, it treats variables occurring in different clauses in a 
uniform way. We do not know any implementation of a logic programming or 
theorem-proving system that makes use of this idea. In (Graf, 1994) a technique 
is proposed that tries to find some dependencies in path indexes in a uniform 
way. Ideas of that paper have something in common with our paper. 

There are some quite obvious optimizations of code trees. For example, one 
can use hashing instead of forking in the tree. When the set of function/predicate 
symbols is fixed in advance, one can even implement parts of code trees via 
arrays. Another possibility is to introduce explicit backtrack points in the trees, 
instead of putting them in a stack at run time. It makes the insertion and removal 
operations on trees more costly, but it can speed the evaluation in general. 
In deductive database applications, where tuples are usually implemented via 
records, one can consider an alternative to Down and Right instructions. It is 
also possible to access arguments of functions in a nonstandard order, depending 
on their types. When the main memory is insufficient to keep the whole code 
trees, we can organize them in such a way that they will load/save their parts 
automatically and keep information about subtree sizes etc. In general when using 
code trees, one can try to get the best both of the particular properties of data 
and the properties of the computer. 

Let us analyze at which circumstances code trees are most efficient. The first 
necessary condition for creating code trees is to have a simple abstract machine 
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with a small number of instructions for executing a single problem. The second 
condition is that the structure of code admit sharing. The third condition is that 
the execution of instructions on a single problem should either produce no side- 
effects, or to produce side-effects which are easily recoverable. In the case of 
matching, the only side effect was the change of the position of the head q, 
which we restored upon backtracking. Fortunately, all major procedures used in 
automated deduction satisfy these three properties in most cases• 

4. Multi-Literal Clauses 

In this section we consider multi-literal clauses. The subsumption-check for 
multi-literal clauses is much harder than that for unit clauses. It is known that 
the subsumption-check for multi-literal clauses is NP-complete (see, e.g., (Garey, 
Johnson, 1979)). The usual indexing methods used in theorem-proving programs 
do not work well with multi-literal clauses. For example, in Otter the clause 
P(x), P(f(f(x))) will be selected as a potential candidate to subsume any clause 
in which the predicate symbol P occurs, since discrimination trees and path 
indexes in Otter make indexing on literals, not clauses. 

Assume that we need to make the subsumption-check for clauses c, d. Then 
every literal in c must subsume a literal in d, and the matching substitutions must 
be compatible for all literals in c. Now every literal in d can be selected as a 
potential candidate for a literal in c. 

The multi-literal subsumption can also be specialized. All commands used 
in the abstract subsumption machine for unit clause are needed for multi-literal 
clauses. In addition, we need two new instructions. The first instruction, First 
sets the first literal in d as the current potential candidate to be subsumed by 
a literal in c. The second instruction Next resets this candidate to be the next 
literal. Both instructions create new backtrack points: Next can be executed as 
many times as the number of literals in d, that is unknown at the time when 
we compile the specialized procedure subsumec• Thus, both commands have an 
additional argument that denotes the backtrack point, namely, the (address of) 
the Next instruction. Since c can also be multi-literal, we need to remember the 
current candidates for each literal in c. To this end we introduce an array Q 
instead of the head q. Now q will denote the number of the current element in Q 
and Q[q] can be considered as the head of the abstract machine. The semantics 
of the Initialize instruction changes. The new instructions of our machine have 
the following semantics: 

q := - 1 ;  
go to  j Initialize j 
• • . 

q : = q + l ;  
Q[q] := d; 
Push(i, back) 
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g o t o  j First i j 

i: i f  defined( right(Q[q]) ). 
then 
{ 

Q[q] := right(Q[@; 
Push(i, back) 

} 
else 
{ 

q : = q - 1 ;  
i f  empty(back) 
t h e n  exit with fail 
e l s e  g o t o  pop(back) 

} 
g o t o  j Next i j 

More informally, the First i j command sets the (position of the) first literal 
of d as the candidate to be subsumed by the current literal in c (literal number q). 
First also sets an additional backtrack point i, corresponding to a Next instruc- 
tion. Next i j is executed upon backtracking. It tries to reset the candidate for the 
literal number q to the next literal in d. If this next literal exists, Next i j puts the 
address i of itself as the new backtrack point. Otherwise, it backtracks, resetting 
q to q - 1, i.e., trying to reconsider the matching for the previous literal. 

This modification of the subsumption abstract machine is friendly to the code 
trees idea. The reason is that we still have a small number of instructions with 
easily recoverable side-effects and good sharing properties. 

The specializing algorithm for multi-literal clauses is very similar to the one 
for unit clauses. It compiles all literals one by one and adds two instructions First 
and Next before the code for every literal. The merge of instruction sequences 
into code trees is also very similar to the one for unit clauses. For example, the 
instruction sequences for clauses P(a,x) ,P(x,b)  and P(a,y) ,P( f (y) ,y)  and 
the corresponding code tree are given in Figure 6. As one can see, the code tree 
for this example shares the code for the first literals in both clauses and a part 
of the code for the second literal. 

The code tree in this example is, strictly speaking, not a tree any more. The 
execution of the code tree is not the traversal of a relevant part of the tree. Now 
some parts of the code tree may be executed several times upon backtracking 
caused by the execution of Next instructions. It means that Theorem 4 about the 
number of steps called by the execution of a code tree is not true for multi:literal 
clauses. All other statements from the preceding sections remain true for multi- 
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literal clauses. However in the multi-literal case they are not obvious, since code 
trees now may have infinite paths caused by repeated applications of the Next 
instruction. 

Instructions, extended instructions, and code trees are defined as in the pre- 
ceding section, but may now include First i j and Next i j instructions. An 
extended path is now defined in the following way: 

1. Any single instruction is an extended path. 
2. Let i l , . . . ,  in be an extended path. 

(a) If in has the instruction i as its last argument, then i l , . . .  , in, i  is an 
extended path. 

(b) If in is a Fork j k, or a First j k or a Next j k instruction, then 
i l , . . . ,  in , j  is an extended path. 

An extended k-path is an extended path in which the number of consecutive 
Next instructions is <~ k. 

As before, a completed extended path is an extended path whose last instruc- 
tion is Success. A code tree T is consistent iff it satisfies the following proper- 
ties: 

1. There is exactly one Initialize instruction in T. 
2. Every instruction i C T is reachable from the Initialize instruction. 
3. For every instruction i C T which is not a Success instruction, there is a 

Success instruction reachable from I. 
4. For every instruction i E T, the last argument of i is not a Restore or a 

Next instruction. 
5. For every Fork i j instruction, i is a Restore instruction. 
6. For every First i j instruction, i is a Next instruction. 
7. For every Next i j instruction, i is (the address of) this instruction. 
8. All,loops in T are caused by repeated applications of the Next instruction. 

More precisely, for every k /> 1, the lengths of extended k-paths in T are 
restricted. 

Let us denote by subsume and subsumespec the subsumption algorithm and 
the specialization algorithm for multi-literal clauses, which are constructed based 
on match and matchspec. 

A code tree T corresponds to a set of clauses C iff the set of all 1-paths is 
exactly {subsumespec(c) [ c E C}. 

THEOREM 7. Let the consistent code tree T correspond to the set of clauses C 
and d be a clause. Then the execution of T on d terminates with success iff d is 
subsumed by a clause in C. 

Proof (Sketch). 

(=~) Assume that the execution of T terminates with success. Consider the 
sequence of instructions I --- i l , . . .  ,in which have been followed during 
the execution. Let J be obtained from I by removal of all backtrack points 
in the following way: 
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1. If there is an occurrence of two instructions Fork i j and i: Restore k, 
remove both instructions and all instructions in between. 

2. If there is an occurrence of two instructions First i j and i: Next i k, 
remove all instructions between the two. 

It is easy to see that the execution of J will have the same effect as the exe- 
cution of I .  Let P be the extended 1-path obtained from J in the following 
way: remove all multiple occurrences of the same Next instruction and add 
Next after each First not followed by Next. Thus, there is a clause c ~ C 
such that subsumespec(c) = P. Consider the substitution 0 obtained by the 
execution of I. Let f :  N -+ N be a partial function of natural numbers 
defined as follows: if the kth First instruction in J is immediately followed 
by n Next  instructions, let f ( k )  = n + 1. Using the properties of the match- 
spec algorithm and properties of First, Next, one can prove ckO = dr(k), 
where cj (@) denotes the j th literal of the clause c (d). Thus, c subsumes d. 

Similarly. Let c E C subsumes d such that there is a substitution 0 with 
e i O  = df(i). Consider the extended path in T defined as previously. One can 
check that either the execution of T on d will follow this path and terminate 
with success, or there is a path terminated with success before. 

It is not possible any more to prove the theorem on the number of steps in the 
code tree execution, since instructions Next can cause a backtracking that causes 
the exponential upper bound on the number of steps. It is not surprising, since 
subsumption on multi-literal clauses is NP-complete. The exponent arises when 
we have (failed) Next instructions inside other Next instructions. Nevertheless, 
code trees show superior behavior over other approaches on multi-literal clauses 
for the following reason: such deep backtrack points may be merged together in 
code trees, thus avoiding re-executing them many times. 

Theorem 5 about sharing of code in code trees remains valid for multi-literal 
code trees. Insertion/removal of code in the code tree for the multi-literal case 
are similar to those of the trees for matching. As in the unit case, both operations 
applied 1:o consistent code trees give consistent code trees and Theorem 6 also 
holds in the multi-literal case. 

5. Comparison with Indexing 

A number of approaches have been proposed to improve the performance of 
subsumption and other algorithms used in bottom-up procedures. Some of them 
are reviewed in (McCune, 1992). Most of these techniques use indexing to filter 
out the relevant clauses and to perform the algorithms "set at a time". There are 
two main types of indexing schemes which are used in modem theorem provers 
- path indexing (Stickel, 1989) and discrimination trees (McCune, 1992). In this 
section we briefly compare code trees with indexing schemes. 
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Discrimination trees are trees that encode structure of terms occurring in 
clauses. Paths in the discrimination trees correspond to the terms. An example 
of a set of terms and its discrimination tree is shown on Figure 7 (the example 
is taken over from (McCune, 1992)). 

The main difference in the design of code trees and indexing schemes is the 
following. Indexing is used to filter out relevant clauses for a procedure. It may 
often be not enough for efficient algorithms. Thus, indexing schemes are usu- 
ally provided with additional information. For example, in Otter leaves of the 
discrimination tree contain not only references to clauses, but also the lists of 
variables in clauses. It sometimes helps to complete an operation, e.g., subsump- 
tion, without actually doing subsumpfion. The traversal (or, better, execution) of 
code trees is a complete algorithm. Code trees use a different idea: instead of 
indexing on data they dynamically create the code for a procedure. In the case 
of forward subsumption, where the structure of specialized procedures is very 
close to the structure of data, code trees and discrimination trees are very similar. 
However the code trees for back subsumption and unification are very different 
from those of forward subsumption. Experience shows that discrimination trees 
do not perform well for back subsumption. One of the reasons lies in the fact that 
the code for back subsumption does not so closely resemble the structure of the 
kept clause as does the code for forward subsumpfion. In the case of unification, 
the specialized instructions for a clause already form a tree with forks created 
by if-then-else statements. 

It is also very important that code trees can be translated into the native code 
of a computer. We made experiments with specialized algorithms compiled into 
the native code. The real compilation can give another speedup factor of 3-4. 

The idea of indexing in the case of subsumption can be summarized as follows: 
find structural properties/:'1, P2 of data such that whenever cl satisfies P1 and t2 
satisfies P2, then Cl subsumes (or does not subsume) c2. Then keep information 
about these P1, P2 in special data structures, for example discrimination trees. 
We propose to exploit shared code, which is not the same as indexing. We do 

1. Z(x, x) 
2. f_(z, 
3. Z(x, b) 
4. f(g(a), 

7.6" y9t al y) 
8.9z 
9 

Fig. 7. 
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An example of a set of terms and its discrimination tree. 
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not claim that the use of code trees is always superior over indexing. They are 
just another technique to implement a class of procedures. 

We have already seen how the use of code instead of data helped us find 
a new way of indexing on variables. The use of code trees also resulted in a 
new solution for subsumption on multi-literal clauses. It shows that the decision 
to manipulate code instead of data helps one find new design decisions. Code 
trees provide an important methodology for designing bottom-up procedures. The 
consistent use of this methodology helps to find new solutions to old problems. 
We believe that code trees give a different viewpoint on problems and their 
solutions, compared with the idea of indexing data. 

Indexing methods may require less memory than code trees, when several 
procedures participate in deduction. In theorem-proving applications, some prob- 
lems use resolution, both kinds of subsumption, rewriting and paramodulation. 
The full use of code trees would require five different trees to be constructed. 
But all these procedures may use the same indexing scheme. At the same time, 
if one would try to provide indexing schemes with more information helpful for 
an algorithm, it may result in a huge memory consumption, as was shown in 
(Graf, 1994) for path indexing. 

6. Experiments 

Here we give a statistics of two examples proved in our theorem-proving sys- 
tem Vampire on a Hewlett Packard 735. We did not try to set the best meth- 
ods/switches to solve the two problems. On the contrary, we tried to set options in 
such a way so that to increase the number of forward subsumptions required. 

One of the hardest problems dealing with unit clauses was the condensed 
detachment 4 problem from (Wos et al., 1991). The initial clauses are the fol- 
lowing: 

1. P(Xl) ,~P(x2) ,~P(i(x2,  xl)). 
2. -~P(i(i(i(a, i(b, c) ), c), i(b, a) ) ). 
3. P(i(xl , i( i(x2,i(x3,xl)) , i(x3,x2)))) .  

The problem has been tried by positive hyperresolution with the restriction 20 
on the maximal weight of clauses.* On this problem positive hyperresolution 
generates only unit clauses. A typical example of a clause used in this proof 
is 

P(i(i(i(i(i(xl,  x2) , i(x2, x3)), i(x4, i(x2, x3))), xs), i(x6, xs))). 

Subsumption is very hard for such kinds of problem for the following two rea- 
sons: 

* Here the weight of a clause is the number of occurrences of symbols in the clause. For 
example, the weight of P(f(z)), Q(a) is 5. 
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TABLE II. 

261 

Typical clause Kept Forward Forward sub- Ratio 
subsumed sumption time 

Condensed detachment (maximal weight = 20) 

Vampire P(i(i(i(i(i(~:l, ~2), i(x2, x3)) ,  30,509 497,14l 20.14 2.36-2.53 
Otter i(x4, i(x2, x3))), as), i(za, xs))) 28,390 482,119 46.04 

1. The number of variables in clauses is quite big (usually 7 to 10 in this 
example). 

2. There is only one predicate symbol and only one function symbol. Thus, 
subsumption never fails on the comparison of function symbols. 

On multi-literal clauses, we tried the "steamroller" problem from the Pelletier 
list (Pelletier, 1986). 

The problem has been tried by binary resolution (no restrictions or optimiza- 
tions). To increase the database size and the number of forward subsumptions, 
we switched back subsumption off. This problem have been tried with different 
weight restrictions. Typical clauses used in the found proof are the following: 

5. R(Xl, f(Xl)) k/-nP5(Xl). 
14. R(Xl, x2), R(Xl, x3), ~Qo(x3), ~R(x2, x4), 

~Qo (x4), -aS(x2, Xl), ~-Po (x2), --nPo (Xl). 
1277. -,Po (c5), -~Po (c4), -~Qo (xl), -~R(c4, Xl), -~Qo (x2), R(cs, x2), R(c5, c4). 

There are no deep terms involved in the proof search, as in the first problem. But 
subsumption-checks for this problem are even more difficult for the following 
reason. This problem generates only a very small number of relatively short 
clauses. Most of clauses have from 7 to 11 literals. (The algorithm subsume on 
clauses with m and n literals must perform m n matches in the worst case.) 

We used a counter that counted the number of subsumption-checks which 
would have been executed if subsumption had been implemented on the clause- 
to-clause basis. The results are given in Table I. (For the weight = 24 case a 
proof was not obtained because of insufficient memory. The figures in the table 
are given up to the moment when Vampire ran out of memory after using about 
62 megabytes.) 

As one can see (Table I), Vampire achieved a speed of more than 200,000,000 
subsumptions per second on unit clauses, where code sharing is very high. The 
speed is still very high (about 4,000,000 subsumptions per second) on multi- 
literal clauses with up to 15 literals. 
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In Tables II and III we compare the performance of Vampire with that of 
Otter (Otter uses discrimination trees) on forward subsumption. The Table is for 
the condensed detachment problem (unit clauses only). 

Table III demonstrates a series of experiments with multi-literal clauses. It 
shows that the difference in perfomance between Vampire and Otter is growing 
when the clauses have more literals. 

The minimal ratio in this Table III is based on the number of subsumed clauses 
per second, the maximal ratio takes into account the size of the database (i.e., 
the number of kept clauses). 

In the case of unit clauses, the difference in performance is not high, since 
Otter uses a version of discrimination trees that encodes essentially the same 
information as code trees. The two provers use similar ways of clause generation, 
so the number of kept/subsumed clauses is essentially the same. In the case 
of the Steamroller problem, the binary resolution algorithms used by the two 
provers were very different, which resulted in very different numbers of subsumed 
clauses. The difference is mostly due to the treatment of factoring in Vampire 
and Otter. However, the average size of generated clauses was about the same, 
so the comparison of performance is fair. 
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