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We consider two-player games played on finite colored graytere the goal is the construction
of an infinite path with one of the following frequency-radtproperties{i) all colors occur with
the same asymptotic frequengly) there is a constant that bounds the difference between the-oc
rences of any two colors for all prefixes of the path(idy all colors occur with a fixed asymptotic
frequency. These properties can be viewed as quantitafirements of the classical notion of fair
path in a concurrent system, whose simplest form checkshehell colors occur infinitely often.
In particular, the first two properties enforce equal treaitrof all the jobs involved in the system,
while the third one represents a way to assign a given pyitoieach job. For all the above goals,
we show that the problem of checking whether there existsnaimg strategy is CoNP-complete.

1 Introduction

Colored graphs, which are graphs with color-labeled edges,a model widely used in the field of
computer science that deals with the analysis of concussestems [14]. For example, they can represent
the transition relation of a concurrent program. In thisegéise color of an edge indicates which process
is making progress along that edge. One basic property efeistt for these applications fgirness
This property essentially states that, during an infinitengotation, each process is allowed to make
progress infinitely ofteri |8]. Starting from this core ideajch theory of fairness has been developed, as
witnessed by the amount of literature devoted to the sulged, for instance, [L, 11, 12]).

In the abstract framework of colored graphs, the above ha&sgion of fairness asks that, along an
infinite path in the graph, each color occurs infinitely oft&uch a requirement does not put any bound
on the amount of steps that a process needs to wait beforallbiged to make progress. As a con-
sequence, the asymptotic frequency of some color could twe eeen if the path is fair. Accordingly,
several authors have proposed stronger versions of fairnesr instance, Alur and Henzinger define
finitary fairnessroughly as the property requiring that there is a fixed boundhe number of steps
between two occurrences of any given coldr([3, 5]. A similewgwsal, supported by a corresponding
temporal logic, was made by Dershowitz, Jayasimha, andiRdfk. On a finitarily fair path, all colors
have positive asymptotic frequency. These definitions mhéss treat the frequencies of the relevant
events in isolation and in a strictly qualitative mannerctsdefinitions only distinguish between zero
frequency (not fair), limit-zero frequency (fair, but nonitarily so), and positive frequency (finitarily
fair). Recently, we presented two new notions of fairness ittroduce a quantitative comparison be-
tween competing events![4]. Thalancedpath-property requires that on the path all colors occuin wit
the same asymptotic frequency, i.e., the long-run averageer of occurrences for each of them is the
same. Thebounded differenc@ath-property is a stronger property, namely it required there is a
numerical constant bounding the difference between thebeuof occurrences of any two colors, for all
prefixes of the path. These notions provide stronger aiitritable for scheduling applications based on
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a coarse-grained model of the jobs involved. In [4], by usingduction to the feasibility of a linear sys-
tem, we proved that the problem asking whether there exisiolored graph a balanced or a bounded
path is solvable in polynomial time.

A natural extension along this line of research is the iniobidn of a second decision agent in the
system, thus switching from graphs to games. Games areyaidedl in computer science as models to
describe the interaction between a system and its envinonfh€, 15, 17| 18]. Usually the system is a
component that is under the control of its designer and thie@mment represents all the components the
designer has no direct control of. In this context, a gammalithe designer to easily check whether the
system has the possibility to force some desired behaviaio(avoid an undesired one) independently
of the choices of the other external components. A game deegpa graph that models the interaction
between the entities involved, commonly callgdyers In this graph, a node represents a state of the
interaction, and an edge represents a progress in thedtiteraWe consider games where each state is
associated to only one player, and this player is the onljt@have the possibility to choose the progress
toward a next state. A sequence of edges of the graph repsesam of the system. Each player wants
to force some runs with a desired property, and it is said lleatanwin the game if he can force a
run with that property independently of the choices of theeoplayer. In this context, strategyfor a
player is a predetermined decision that the player makedl possible finite paths ending with a node
associated to that player.

In this paper, we address and studw-player colored gamese., games where the underlying graph
is a colored graph and the game is played between two playbish we refer to aplayer0 andplayer
1. In particular, we focus on the goal for player 0 to condteubalanced or a bounded path. We believe
that this game model can be useful in several formal ven@inatontexts. Coming back to the scheduling
application, it can be useful in the case the scheduler may wwaallow a certain degree of freedom on
the choices of lengthy jobs that have to be executed by sompauents. More specifically, assume that
due to a design issue, the main scheduler can decide whiatoroperation has to be executed and then,
some other schedulers can take decisions regarding sonupsudtions of the selected macro-operation.
In this context, our game model allows to check if the mairesctter has the ability to force a balanced
or a bounded progress of the activities, independently @ftib-choices of the other schedulers. As a
specific example, consider the problem of synthesizingras@ieduler for a given set of concurrent jobs
with shared resources|[2]. Assume that the jobs are knowmiasadbstract control-flow graphs. Then,
the resulting problem can be modeled as a two-player gameebatthe scheduler and the internal non-
determinism of each job. The scheduler (player 0) tries twsh a correct sequence of jobs satisfying
one of the two criteria discussed above, regardless of thedeterministic choices made by the jobs
(i.e., the moves of player 1). Our main result shows that, gfae where the goal of player 0 is the
construction of a balanced or bounded path, the problemkaigasvhether this player can always force
such a path is Co-NP-complete. For the lower bound, we usdugtien from the validity problem for
boolean formulas. For the upper bound, we first show thatirgame setting, if player 1 has a winning
strategy, then he has a memoryless winning strategy. Usiagtoperty, we decide whether there exists
a winning strategy for player 0 by simply checking whethéma¢moryless strategies for player 1 are
non-winning. For a memoryless strategy of player 1, we pthisegame graph in accordance with the
strategy and check whether, on the resulting subgraphe #aésts a path satisfying the desired goal.
Such a path does not exist iff that strategy is winning foiygtal. In the end, by guessing which
memoryless strategy for player 1 is winning, we obtain a Gdalgorithm that determines whether or
not there exists a winning strategy for player 0.

Sometimes, systems require that some jobs are executeciftenéhan others. In such a situation, it
is useful to associate to each job a “priority” representiog often that job should be executed compared
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to the othersPriority schedulingis a problem widely studied in computer science [13], usualth the
objective of minimizing the execution time of a given congiign. In general, a priority scheduling
problem is NP-hard [13] and becomes solvable in polynotiviag if there are some restrictions on the
nature of the system [6]. In this paper, we address and sohewascheduling problem for a system
characterized by a finite number of states and infinite coatjout. As before, the system is modeled by
a colored graph, where each color is associated with a gblen/je are interested in an execution of the
system that spends a determined amount of time on each jaur linamework, the problem translates
in looking for a path where each color occurs with sofined asymptotic frequencye call such a
path afrequency pathWe investigate this problem both in the (two-player) game @on-game setting.
In the game setting, the problem precisely consists of dhgokhether player 0 can always force the
construction of a frequency patirdquency gogl By using an argument similar to that used for games
with balanced and bounded goals, we show that also gamedredthency goals are Co-NP-complete.
In the non-game setting, by using a reduction to the fedtyitof a linear system, we show that the
problem is much easier and solvable in polynomial-time.

Overview. The rest of the paper is organized as follows. In Secflon 2nweduce some preliminary
notation. In Section]3, we introduce colored games withrizad, bounded, and frequency goals and
show that in all goal cases, the problem of deciding whetlagmp 0 has a winning strategy starting from
a given node of the graph is Co-NP-complete. In Sedtlon 4, emsider the (non-game) problem with
respect to frequency goals and show that it is decidable lynpmial-time. Finally, we provide some
concluding remarks in Section 5.

2 Preliminaries

Let X be a set and be a positive integer, bYX' we denote the cartesian productofwith itself i times
and byX* (resp.,X?®) the set of finite (resp., infinite) sequences of elements.oBy N, Z, Q, andR,
we respectively denote the set of non-negative integdegjwe integers, rational, and real numbers.

For a positive integek, let [k] = {1,...,k}. A k-colored arends a tupleA = (Vo, V1, Vini, E), where
Vo andV; are a partition of a finite s&t of nodes viy; is theinitial node, andE CV x [k] xV is a set of
colored edgesuch that for each nodec V there is at least one edge exiting framAn edge(u, a, V)
is said to becoloredwith a. In the following, we also simply call k-colored arena aareng whenk is
clear from the context. For a nodec V, we call\E = {(v,a,w) € E} the set of edges exiting from
andE, = {(w,a,v) € E} the set of edges entering For a colora € [k], we callE(a) = {(v,a,w) € E}
the set of edges colored with

A finite pathp is a finite sequence of edgéév, &, Vi11) fic(o,..n-1}, and itslength|p| is the number
of the edges it contains. We denote p§i) the i-th edge ofp. Sometimes, we write the pathas
VoV1...Vh, When the colors are unimportant. Amfinite pathis defined analogously. For a finite or
infinite pathp and an integer, we denote by=' the prefix of p containingi edges. Theolor sequence
Ais the sequencgc;ticio,.. n-1; (resp. {Ci}ien) of the colors of the edges @. When the meaning
is clear from the context, we identify a path and its colorugege. For all color sequences [K|*
and for all colorsa,b € [k], we denote byx|, the number of edges colored within x, and we set
diff , ,(X) = [X|la— [X]p. The color difference matrixof x, denoteddiff (x), is thek x k matrix whose
generic element idiff (X)ap = diff , ;,(X).

A k-colored gamés a pairG = (A,W), whereA = (Vp, Vi, Vini, E) is ak-colored arena and/ C [k]®
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is a set of color sequences callgoal. We assume that the game is played by two players, referrasl to
player O and player 1. The players construct a path starting;an the arena\, such a path is called
play. Once the partial play reaches a nade Vy, player 0 chooses an edge exiting frerand extends
the play with this edge; once the partial play reaches a wod®;, player 1 makes a similar choice.
Player O's aim is to make the play have color sequend# invhile player 1's aim is the opposite. For
he {0,1}, letE, = {(v,c,w) € E | w € Vi, } be the set of edges ending into nodes of pldydret e be the
empty word, astrategyfor playerh is a functionoy, : €U (E*E;) — E such that, ifon(ep...en) = ent1,
then the destination d, is the source o&,,1, and ifo,(€) = e, then the source dfis viy;. Intuitively,

o fixes the choices of playdrfor the entire game, based on the previous choices of bojlerdaThe
value o(€) is used to choose the first edge in the game. A strategis memorylessff its choices
depend only on the last node of the play, i.e., for all playsdp’ with the same last node, it holds that
on(p) = on(p’). An infinite play {e }icn € E® is consistentwith a strategyoy, iff (i) if vini € Vi, then

ep = op(€), and(ii) for alli € N, if g € E, thene 1 = on(e...&). Note that, given two strategies for
player O and for player 1, there exists only one play consistent with kaftthem. We call such a play
Ps(0,T1). A strategy for playeh is saidwinningiff all plays consistent with that strategy are winning for
playerh. A game is saidleterminedff one of the two players has a winning strategy.

Now we recall some definitions and results developedin [9goalW C [K]® is said to beprefix
independeniff for all color sequencex € [k|®, and for allz € [k]*, we havex € W iff zxe W. For
two color sequencesy € k|, theshuffleof x andy, denoted by ® Yy is the language of all the words
212p73... € [K|®, such thatzs... Zoht1... = Xandzzy ... 2y ... =y, Wherez € [K|* for all i € N. A goal
W is said to beconvexiff it is closed w.r.t. the shuffle operation, i.e., for all vz x,y € W andx®@y CW.

Theorem 1 [9] Let G= (A,W) be a k-colored game such that W is prefix-independent andegonv
Then, the game is determined. Moreover, if plagenas a winning strategy, he has a memoryless
winning strategy.

3 Colored Games with Frequency Goals

Let p be an infinite path, therequencyof a colora € K] on p is the limit f, = limy, , .o 2 If such a
frequency exists for all colors, then tieelor frequency vectoof p is (fi,..., fx). Itis trivial to prove
thatz'gl:1 fa=1. Aninfinite pathp is balancediff the frequency of each cola e [k] onpis fy = %; p

has thebounded difference propertin short,is boundedl iff there exists a consta@ € N such that for
all colorsa,b € [K and for alln € N, diff , ,(p=") < C.

In the following, we studyk-colored games having one of the following goals.

1. TheboundedgoalW,,, containing all and only the bounded color sequences.

2. ThebalancegoalW,, containing all and only the balanced color sequences.

3. Let f € RX be such thag};l fi = 1. Thefrequency-fgoalW;, containing all and only the color
sequences with color frequency vecfor

It is trivial to prove that the bounded, balanced, and fregyef goals are prefix-independent, i.e.,
they do not depend on any finite prefix of a sequence. The foilplemma states two basic properties
of the above goals.

Lemma 1 [4] The following properties hold:
1. if a path has the bounded difference property, then it lafeed;
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2. apathp is balanced if and only if for all & [k— 1], it holdslim;_, ;« diﬁa‘ki(pg> =0.

The following example shows that the converse of itém 1 of afd does not hold.
Example 1 [4] Foralli >0, leto; = (1-2)'-1-3-(1-3-2-3)' - 1-3-3. Consider the infinite sequence
o = [{21 0i obtained by a hypothetic 3-colored arena. On one hand, #sg ® see that for all> 0 it
holdsdiff 3, (0j) = 1. Thereforegliff3,(010>...0n) = n, ando is not a bounded difference path.

On the other hand, since the length of the firélocks is©(n?) and the difference between any two
colors is@(n), in any prefixa=' the difference between any two colors isdiiy/i). According to iteni 2
of Lemmdl,0 is balanced.

3.1 A Scheduling Example

Consider two jobs in a concurrent program, both having thecstre shown in Figurgl 1. Notice that
the jobs exhibit nondeterministic behavior, due to the amkm (i.e., not explicitly modeled) branching
condition on line 1.

while (1) {
0: | ock();
1 if(...) {
2: action(); e N
} else { 1,0
3 action(); P ¥ N
4 action(): 12,0| 130] [03] 0,2
}
5. unlock(); lO lO ll ll

} 595 [49] [04] ;[0

Figure 1: A job in a concurrent program. Figure 2: The non-preemptive scheduling game cor-
responding to two jobs of the type in Figlide 1.

Assume we want to synthesize a scheduler that ensures #taicthi on” function is called with the
same asymptotic frequency by the two jobs. The scheduledeeide not to give the lock to a job, but
cannot pre-empt them. To this aim, we can produce a game agure, where nodes represent joint
configurations of the two jobs. The only node of player 0 igespnted by a circle, while the nodes of
player 1 are represented by boxes. Since we are only inderegstounting the calls to theet i on func-
tion, we only color the edges representing such call. Glearicolored edges can be represented in our
framework by a sequence of two edges, each labeled by aatiffeplor. The internal nondeterminism
of the jobs is modeled by a move of player 1. The only choicelayer O (the scheduler) occurs in node
0,0, where both jobs are waiting on theck operation, and the scheduler can choose whom to give the
lock to.

It is easy to verify that the scheduler has a strategy emfgritie bounded difference property (hence,
the balance property as well): When the game is i @ive the lock to the job that executed #uw i on
function less times so far. According to this schedulingiqylthe difference between the number of
0's and the number of 1's along a play will always be at mosegardless of the choices made by the
internal nondeterminism of the jobs. Notice that this sfggitrequires memory. Using a similar strategy,
player 0 can also win w.r.t. the frequenéygoal, for all (rational) frequency vectoffs
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3.2 Co-NP Membership

In this section, we prove that the problem of deciding whethere exists a winning strategy for player
0 in the games addressed in the previous section is in Co-NP.

Lemma?2 Wy, Wi, and W are convex.

Proof. Lety,ze [K|® andx € y®z We prove that ify andz are both balanced (resp., bounded, or
frequency{), then so ix. We have thak = x;...X% ... wherey = x3X3... Xok11... andz = XoX4... Xk . . ..
Also, for all n € N there are two indexesy, n, such thain = n, + n, anddiff , ,(x=") = diff . ,(y=") +

diff ,,(z=™), for all a,b € [k]. We distinguish the following cases. '

1. (bounded Sincey andzare bounded, there exist two consta@fsC, € N such that for alk, b € [K]
and for alln > 0, |diff , ,(y=")| < Cy and|diff ,,(z*")| < C,. Therefore, leC, = C,+C,, for all
a,b € [K andn € N we have|diff , ,(x=")| < |diff . ,(y=™)| + |diff ,,(z=")| < Cx. Hence, the
sequence is bounded.

2. (frequency-j Given thaty andz have frequencyf, we have that, for alh € [k] and for alle > 0,

there existd(g) > 0 such that for alh > h(e), it holds that\'yg% —fa <¢ and\'zg% —fa| <e.
Hence, givere > 0, letn > 0 be such thaty > h(e/2) andn, > h(g/2). Suchn exists, due to the
definition of the shuffle operation. For al > n we have that:

‘|X<”lla_f _ |ysn’y|a+|ZSn’z|a_(nfy+nfz)fa
n a n, -+,
- \yS”’yya_ngl.fa 25— 1, fa
- ny+n; ny+n;
Sngl ZSn/z
<Yl gl 2 g <e
y4

So, the color sequencehas frequency vectd.

3. (balanced Since the balance property is equivalent to the frequdnpyeperty with f; equal to
1/k for all colorsa € [K], the thesis holda

Now, we can apply Theoreh 1 to our goals and obtain the foligwi

Corollary 1 Let G be a k-colored game with balance, bounded, or frequénggal. Then, the game
is determined. Moreover if playdrhas a winning strategy, he has a memoryless winning strategy

The fact that memoryless strategies suffice for player 1yelesids to the following result.

Lemma 3 Given a k-colored game with balanced, bounded, or frequdnggal, the problem asking
whether there exists a winning strategy for playgs in NP, the problem asking whether there exists a
winning strategy for playe® is in Co-NP.

Proof. By Corollary[1, if player 1 has a winning strategy, he has a om®tass one. The number of
memoryless strategies is finite and each one of them can besesried in polynomial space in the size
of the problem. So, in polynomial time we can guess a memssytrategyt, and verify that it is

a winning strategy, using the following algorithm. We coust the subarend’, obtained fromA by
removing all the edges of player 1 that are not used. Bye have that is a winning strategy for player
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1 in A iff all the plays onA’ are winning for player 1. Thus, player 0 is able to construbaknced
(resp. bounded, frequendy-path iff there exists a balanced (resp. bounded, frequéh@ath in the
graph of A’ and this path is reachable from,. So, we construct the subgra@!i of A, obtained by
removing all the nodes that are not reachable figym In order to check if there exists a balanced (resp.
bounded) path reachable fron;, it is sufficient to apply the known polynomial-time algbit [4]. For
the frequencyf goal, a suitable polynomial-time algorithm is presente8éatior 4.

This concludes the proof that the problem of asking whethenetexists a winning strategy for player
1is in NP. Hence, the complementary problem asking wheltaetexists a winning strategy for player
Oisin Co-NPR

3.3 Co-NP Hardness

Lemma4 Given a boolean formuld in conjunctive normal form, there exists a k-colored arena A
such that the following are equivalent (f)is a tautology, (ii) there exists a winning strategy for mag
in the game G= (A, W), and (iii) there exists a winning strategy for playe@m the game G= (A, W).

Proof. Let n be the number of clauses @f andm be the number of its variables, then we can write
P = AL ;Pi, where eachy; is a disjunction of literals. In the following we defingx) as the set of all
clauses in whickx appears in positive form, an(X) as the set of all clauses in whiglappears negated.

/\Vj 2/‘\/\

Vi1 DR Vin+1
/ 1 2 n \
Vj \/IJ
Vi1 Vj2 B Vin+1
7 T
1 2 n

Figure 3: Thej-th subgraphA; of A. The dotted edges from ; to v; 1 is present iffy; € P(x;), and
analogously for the lower branch.

We construct the followingn -+ 1)-colored arena = (Vp, V1, Vini, E), where the set of colors corre-
sponds to the set of clausesuiotvith the added control colar+ 1. The description of the aredamakes
use ofuncolored edges.e., edges not labeled by any color. Clearly, such an edgéde represented in
our framework by a sequence of- 1 edges, each labeled by a different color. The afeizacomposed
by m subarenag\;, one for each variablg;. Every subarend; has a starting nodg, an ending node
vj and two sequences of nodew;; }L 4, {Vj;}{L; where every node is associated with a clause. There
is an uncolored edge frowy to v; 1 and fromv; to vj ;. Moreover, if we define/jni1 = Vjni1 =V
we have that for all KX i <n, (i) there is an uncolored edge from; to v; ;1 and fromv;; to v; 1,
(ii) if Wi € Y(x) then there is am-colored edge fronv;; to v; 1, and(iii) if Yi € Y(X) then there is an
i-colored edge fronv;; to v; ;1. We call the sequencfy;; }; theupper branchof A; and the sequence
{vj,i}i thelower branchof A;. The arena\ is constructed by connecting the subarefpas follows: for
all 1 < j <m-—1there is an uncolored edge froto v 1 and anmn+ 1-colored edge fromy, to v;.

The construction oA is concluded by partitioning the set of nodes as follovis= {vs,...,vn} and
Vo =V — V1. Intuitively, every subarenA; represents a truth choice for the variak|e This choice is
made by player 1 with the aim to skip the passage through séemees. On the other hand, as soon
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as there is the chance, player 0 tries to pass through eacbeatace during a single loop, in order to
balance the clauses’ colors with the control caler 1. LetG = (AW, ) andG’ = (A, W), we now
show the correctness of the above construction. In theviollg, we writevj ; to mean eithev;; orv; ;.

(If) If g is a tautology, then the winning strategy for player 0 in bgémesG and G' may be
summarized as follows: as soon as there is a chance, pasgthaa edge of colap;; then, do not pass
through such an edge again, until we pass again threughrormally, the strategy of player 0 is the
following: each time the play is in a nodg;, player O chooses to reah; 1 through they;-colored
edge iffy; does not appear in the least suffix of the partial play stgniith v;. We observe that during
a single loop fromv; to itself, a strategy of player 1 is a truth-assignment tovtméables of: precisely
for every subarend, player 1 chooses to follow the upper branchxifiis true. Sinca) is a tautology,
any such assignment is a satisfiable assignment, i.e., gi@nan assignmeat {xi,...,x,} — {T,F},
for each clausey;, there exists a variabbesuch thaty; is true also due to the valx). This means that
player O can pass throughlg-colored edge at least once during a single loop, and thartkis strategy,
he will pass through such an edge exactly once. Thus, duadg leop, the uncolored edges are already
perfectly balanced, and the edges added by player O arecedldnanks to the last+ 1-colored edge.
Thus, during the infinite play, the color differences areais/zero when the play is in node. Since
the loops fromv, to itself have bounded length, the color differences arantled during the play. Thus
every infinite play consistent with the strategy is boundedliais balanced too, becauselin [4] we proved
that a bounded path is balanced too.

(Only If). If Y is not a tautology, then there is a memoryless winning gyater player 1 onG
and onG': player 1 follows a truth assignment of the variablespahat does not satisfip. For such
an assignment there is an unsatisfiable claysé&o, during a loop fronv; to itself, if player 1 follows
this strategy, player 0 cannot pass through d@ingolored edge. Thus, at the end of the loop the color
difference between colap; and colom+ 1 is increased by one. Every plays an infinite concatenation
of simple loops fromv; to itself. Since those loops have maximum lenigth |E|, for all j € N we have

diffi7n+1(p5j) > Ii and thus lim_, .« A2 (P%) > 1. This means that every play consistent with said
strategy of player 1 is not balanced, and hence not boulided.

Theorem 2 Given a k-colored game G with balanced (resp., boundeduéeqgy-f) goal, the problem
asking whether there exists a winning strategy for player Co-NP-complete.

Proof. By Lemmd 3 and Lemmia 4, we have that the problems for the baland the bounded goal are
Co-NP-complete. Since the bounded goal is a special caseqidncyf goal (for f; = 1/k), we have
that the frequencyf- problem is Co-NP-hard too. Since by Lempfia 3 the problem fegifencyf is in
Co-NP, itis Co-NP-completd

This Co-NP-completeness result may be regarded as edisamgative. In fact, the algorithm show-
ing membership in NP, once converted into a deterministimfasimply suggests to try each one of the
(exponentially many) memoryless strategies of player h&éngame, and solve a linear program to de-
termine whether it is winning. It remains to investigate plassibility of practically efficient algorithms,
arising, for instance, from the analysis of the specific props of the games of interest.

4 The Frequency{ Problem on Graphs

In this section, we show that if player O controls all nodes ifrequencyt game, the existence of a
winning strategy can be determined in polynomial time, luéng the problem to the feasibility of a
linear system of equations. In the followingkecolored graphis an arena whose nodes belong all to
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player 0. We employ an alternative, essentially equivalemhulation of the frequency- goal, called
color-limit-L goal. We define theolor limit of an infinite pathp as the matrix{l; j} € RK<k where

. diff, ; (p="
I|7J - Ilmn_)+oo urg )

Lemma5 An infinite pathp has color limit Le R¥ iff its color frequency vector f exists and it is
the unique solution of the following system éfikl linear equations: for all jj € [K], fi — fj = lij;
SEafi=1

Proof. First, observe that the system of linear equatifns f; = I; j and Zik:1 fi = 1 containsk inde-
pendent rows in the coefficient matrix, i.e., the rows asded with the equation$; — fx = lqx, ...,
fier — fo =1k, andz}‘:l fi = 1. So, the system may have only one solution or no solutioal.at

[only if] If p has color frequency vectdre R¥, then for alli € [K], it holds thatf; = limy, , o 2k,
lp="li—=1p="l; _ f— f
n — I

So, for alli, j € [K], it holds thatl; j = liMmp_
[if] If p has color limitL then, for alli, j € K], it holds that; j = limy. . 2™ We show thati)

M e|pSilk/j = 2 12&67“]'” ; and (i) for all a € [k— 1], the sequencé|p=!|a/j}; converges to

lax+I. Firstwe shovx(|) Assume by contradiction that the sequence is not convetgénhen we have

Je>0.YymeN.dny, > m. ('p "k | ¢ or 'p ‘k <l - ) The points{ny}, form a sequence, from

which we can extract two subsequenges, }i, glven by all the points such thgg="™ |, /ny, > | +¢, and

{nny }i, given by all the points such thﬁbgn’“{]k/nm{ < | —e&. At least one of the two subsequences IS

p= mi‘a_

infinite. Assume w.L.o.g. thafny }; is infinite. Then,s% Tlax = 5% ; (2l —1) > gkt (20

1) +€. In other wordsy 5= (‘pnmi"a— ) < $&1lak—€. So, for alli € N there is a color € [k— 1] such

that % —I <lak—¢&1. Then, there is a colax € [k— 1] and a subsequend@yg }i of {ny }; such

. S"mia - d.ffa Snl‘nfl
that for alli € N we have thaﬁpn—ma‘a <lak+1— . Moreover, for alli € N we have%:ﬁa) =

<na
o] B < (lak+1 — 21€) — (I +€) = lax — z€. Therefore, the sequenédiff ,, (0~ ) /N i

o
does not converge tigx, so does not the sequengeiff ., (p=1)/j};, since the first is a subsequence of
the latter. So, by contradiction, we have proyed

Now, we show(ii). Assume by contradiction thd{p=l|,/j}; does not converge to+ Ik, for a

certaina € [k— 1]. Then, we have

Nm Nm
p* ’a>l+lak+a or [p="la
nm nm

38>0.VmeN.3nm2m.< <I+Ia7k—a>. (@8]
Let € be a witness fol{1). BYi), there isn € N such that for alh > n, we havel —€/2 < |p="|x/n < | +

€/2. So, for allm> n, there isny, > msuch that eithefa) 'pgn% > +lak+eor(b) ‘pgn% <l +lak—c¢,
depending on which disjunction ial(1) holds. Assuming tfgtoccurs for infinitely manyny, for all
m > nthere isny, > msuch that

diff 0 (P="") _ |p="[a— |P="|x

Nm Nm

> 4+lak+€ (I+€>—I +€
ak 2 — lak 2-

Thus, we have thafdiff ,,(p=") /n}n does not converge fqy, which is a contradictiors
Thus, the frequency-problem is equivalent to the problem asking whether theist®a pattp with
color limit L, wherel; j = f; — f;, for all i, j € [k].
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We reduce the color-limit- problem to the feasibility of a system of linear equatiorsing a tech-
nique similar to the one we used to solve the balance problegraphs([4]. Due to their technicality,
the proofs are postponed to Section 4.1.

Definition 1  Let A be ak-colored graph, and € R**k a square matrix. We cadiolor-limit-L system
for A the following system of equations on the set of varialjles e € E}.

1. forallveV YecE, Xe = Dec,EXe
2. foralla,b € [K] YecE(a)Xe — DecE(h) Xe = lab Y eck Xe
3. forallec E X >0

4. SeceXe >0.

Letm= |E| andn = |V|, the color-limitL system hasnvariables anan+ n+k?+ 1 constraints. It helps
to think of each variablee as a load associated to the edge E, and of each constraint as having the
following meaning.

1. For each node, the entering load is equal to the exiting) loa

2. For all colorsa,b € [k], the difference between the loads on the edges coloreadnd byb is
equal tol, p times the whole load.

3. Every load is non-negative.
4. The total load is positive.

The following lemma states the reduction from the color titnproblem to the feasibility of the system.

Lemma6 Inagraph A, there exists an infinite path with color limit ELtHie color-limit-L system for A
is feasible.

Since the feasibility problem for a system of linear equaics solvable in polynomial time in the
size of the system (number of constraints and size of thdicieeits) [16], we obtain the following.

Theorem 3 The color-limit-L problem is in PTIME.

As we show later in Lemmas 10 ahd 11, it is possible to consimymlinomial time, from a solution
of the linear system, a representation of a path in the grafihygng the frequency- constraint.

4.1 Proof of Lemma®

We first need some additional notations and preliminary leswmLetA = {(A1,w1),..., (Am,Wm)} C
7979 x N be a finite set ofn pairs (integer matrix, respective weight), we aadtural linear combination
(in short,n.l.c) of the elements ofA any matrixD = $"; ¢;A;, where eaclt; is a non-negative integer,
and at least one, is strictly positive. Moreover, we define theeightof D asnp = ", ciw; and the
ratio of D as 2.

Intuitively, we introduce this machinery to express projgsrof sets of simple loops in a colored
graph. Each simple loop in the set induces a (matrix, weight) pair, where thg) element of the
matrix contains the difference between the occurrenceslof cand colorj in p, and the weight is the
length ofp. Given a set of loops, the integer coefficients of an nD.cepresent the number of times that
each of the loops must be taken in order to build some pathtefdst. The weight ob is simply the
total length of the obtained path and the ratidofs its color difference matrix, divided by the length
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of the path. Accordingly, we say that a matrix is an n.l.c. &fed of loopsc when it is an n.l.c. of
the setA = {(diff (0),|0]) | o € £}. In the following, byM™ we denote the transpose of the matvix
and byM; j we denote the element M at itsi-th row andj-th column. We say that a set of loops is
connectedf the loops belong to the same strongly connected compgoenequivalently, if they are
pairwise mutually reachable.

Lemma7 LetLe Q99 and Ac Z9%9 x N be a finite set such that no n.l.c. of A has ratio L. Let
{(Bn,un) }n be an infinite sequence of elements of A=S|' ;B be the partial sum, and )= 3" yu

be the partial sum of the weights. Then, there exist two eslex € [d] such thatim,,_, S“U—LJ #Lij.

Proof. Let A = {(A;,w1),...,(Am,Wm)} and f : R™ — R, be the function f(c,...,.cm) =
maxlgi,jgd{ z_z%% — Lm“}. First, note thatf is a continuous function, since it is the maximum
of continuous functions. Let now ¢ R™ be the set{(cy,...,cm) € [0,1™ | T, ¢ = 1}. Note that

0 ¢ K and thatk is compact, since it is a finite dimensional space defined lnyead equation. Hence,
by Weierstrass theorenf, admits a minimunM = min,cx{ f(x)} onK. Since, by hypothesis, there is
no n.l.c. ofA with ratioL, M must be strictly positive. Indeed, if by contradictidvh= 0, there should
be a non-zero vectdcy, . .., Cn) € K such that for ali, j € [d],

m m
> CAnjij—Lij Y W =M =0. )
n=1 n=1

Since [(2) is a homogeneous linear equation with rationafficants and since it has a non-negative
solution, it also has a non-negatirgeger solution with at least one positive component. This sotutio
induces a n.l.c. oA with ratio L, contradicting the hypothesis &

Now, consider the sequendéBy, un) }n, its partial sumsS, = 51" (B, and its weight partial sum
Un =Y ou. Moreover, le® , be the number of occurrences @, w;) in the sequence up to position
nandletc n =& n/n. ThenS, =31, dn-A=n-3" 1 Gn-AandUp=5"18n-W=n-3":Cn-W.
Since we havg " ; & = nfor all n€ N, it is obvious tha{cy p,...,Cmn) € K.

Let nowZ, € R99 be the matrix defined b, ; = z—%\% — LH‘. Since there is no n.l.c.

with ratio L, it holds that for alin € N there exists a non-zero elementdn Let {(in, jn) }n be an index
sequence such thah, ;, = max<i j<d{Znjj} > 0. Since the sequendgin, jn) }n can assume at most
d? different values, there exists a pdif, j*) that occurs infinitely often in it. Lefh}; be the index
sequence such thét,, jn ) = (i*, j*) and there is nd' €]h, he1[ with (iy, jiv) = (i*, j*). Then, consider
the subsequenc&h, - j- }+ Of {Znj- j+ }n. We obtain that li, ;« Zy, i+ j» > M > 0 and consequently that

. o .. . . . z"‘: CLALX' T Shii
liMn_ 4w Znjs j 7 0, whenever these limits exist. In conclusion, Jim . _sz’iﬁ =limp. e U—'n' #+

Lij. N

The next lemma uses the conceptiofsi-segmentatiorintuitively, the quasi-segmentation of a path
is a partition of the path in a sequence of simple loops and@sigual simple path. For a finite path
we define the quasi-segmentation andrdstrecursively on the length (i.e. the number of edgeg) a
follows. The quasi-segmentation is always a finite sequehlm®ps, and the rest is a simple path ending
with the last node op. If p has length 1 and it is not a loop, then the quasi-segmentatithe empty
sequence and the restgstself. If p has length 1 and it is a loop, then the quasi-segmentatipntself
and the rest is the last nodemfIf p has sizen, letp’ = p=""1, letoy, . ..,0n be the quasi segmentation of
p’ andr be its rest. Consider the pathobtained by extendingwith the last edge of (this can be done
because the last noderoik the last node ). If r’ does not contain a loop, then the quasi-segmentation
of pis gy,...,0n and the rest is’. If r’ contains a loom, this loop is due to the last added edge, i.e.,
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r' =r"o. In this case the quasi-segmentatiorpa$ o1, ...,0,,0. Moreover ifr” is non-empty the rest
isr” (note thatr” ends with the last node @f because” ends with the first node af which is the last
node ofa, too). Otherwise, if” is empty the rest is the last node mf The quasi-segmentation of an
infinite pathp is the infinite sequence of loops given by the limit of the dnsagmentation op=", for

n — +oo. An infinite path has no rest.

Lemma8 Let G be a k-colored graph anpl be an infinite path in G with color limit lc R<<X, then
there exists a connected set of simple loops having an witle.ratio L.

Proof. Sincep is an infinite path over a finite set of nodes, there exists aempty setv’ of nodes
through which the path passes an infinite number of timesn;Tthere exists a constamtsuch that, for

all n > m, it holds thatp(n) € V'. The pathr[é p=" has color limitL, since the color-limit property is
prefix independent. Lefto; }i be the quasi-segmentation find, for alli € N, let h(') be the index it

of the node in whicto; closes itself. So, each time a simple loop closes atlstie ="" is composed
by then+ 1 simple loopoy,...,0n, closed so far plus the rest. Then, letz be the set of all simple

loops in the graptG, and letA = {(diff (0),|o]) | o € £}. Foralli,j € [K], letdiff,; ; = diff; ;(TT=").

Sincetthas color limitL, we have lim_, ;« % =L, foralli,j € [k]. We observe thafdiff (on) }n

is a sequence of elementsAflLetS, = 1, diff (0;) be the partial sum andy = S, |oi| be the partial
sum of the lengths. So, for dllj € [k], we havediff ., j ; = diff; ; (rn) + Y g, diff; ;(0g).
Since the rest is a simple path, it has length at niMQt and we have, j — [V’ < diff ) ;.

Shij —diff i | < V' anddiff 5 — V] < Sjjj < dn‘fh(n)I i+ IV Moreover
h(n) = |rn|+zg:1|crq|,thuswn |V | <h(n )<Wn+|V’| sowe havéa(n) — [V'| <W, < h(n)+ |V’|. For
. . . diff .1 diff 1+ V/| : diff i 1 — V|
alli, j € [k, since lim,_ ;o % =L, then lim,_ 1« % =L j and limy_ e W =

diff i =Vl Shij o diffpyi IV
TRV S W S TRV

lIMp e % =L ;. By LemmaY A has an n.l.c.D with ratio L. Then, the simple loops of which
occur with a positive coefficient iD are connected, because they are extracted from the sama,path
and have an n.l.c. with ratio. i

In Lemmal[10, we show how to construct a path with a given caioit from a connected set of
simple loops. The next lemma is needed as an auxiliary rebftbrmally, it allows us to state that if
on the path we find some points, whose distance grows quealtgtiwhile the color differences grow
linearly along those points, then the color limit exists aegends on the rate of this growth.

Lij. Since for alln € N such thath(n) > [V'| we have we have

Lemma9 Let{ay}nbe asequence of integersccc’, k € Z, and{x }; be an index sequence such that
for all i € N it holds that(i) x; = 1, (i) X1 > X, (i) X2 —X+1=X4+1—X +k, and(iv) c+c i+
min{a, | n € X, %+1[} <min{a, | n e [Xi+1,X+2[} andmax{a, | n € [Xi+1,X+2[} <"+ -i+maxXan |

ne [x,X%+1[}. Thenlimp % = ?.

Proof. Let {b,}, and {m}; be two sequences such that= an, = max{a, | n € [x,X+1[}, for all
n € [x,%.1[ andi € N. Obviouslya, < b,. Moreover, let{k, }, be a sequence for which it holds that
[Xk,» Xk, +-1[- Then, by construction we can observe tat= 1, b, = [am, |, and|ay | < c+c-itan, <
< (- ).c+c’(zij 2 ) +am, so it holds thaby < (k,— 1) - ¢+ 3¢/(kd — ky — 1) + by. Consider now
(kn—1)-c+3¢ (Ka—kn— Dby o (k=2 C+2d(kﬁ kn—1)+by

h <
the fractlon . Sincen € [X,, Xk, +1[, we have— < o < T30 (i) . By
the hypothe5|s on the sequenpg}i, there is a constarky such thatx.; —x = (X — x1) + z'jzzk =
ko-+ k(i — 1), 50 we hav@%" < (Kn )c+zc’(k,2, kn)+br (kn*l)<C+%C/(kf2]*kn)+bl'

145 (ko+k(i—1)) Ltkoi+ 5k(k3 +kn—1)
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Let {1, }n and{n}; be two sequences such thgt= a,y = min{an [ n € X, X 1[}, foralln e [x, %1
kn—1)-¢"+ 3¢ (K —kn) +n
1+koi+2k(K3+kn—1)
(k=D + 3¢ (k) thr _ By &y by o (=Dt 3C (G kn) by
Lrkoi+Sk(R+ki—1) — N = N = n = Itlgi+ k(i +ke—1)
converge tck asn goes to infinity, we have lim, ;. 2 = £. 8

andi € N. Dually we can prove tha% > (

So, forallne N . Since the extremes

Lemma 10 If a k-colored graph G contains a set of connected simpleddaving an n.l.c. of ratio L,
then there exists in G an infinite paghwith color limit L.

Proof. Let £ = {0p,01,...,0n-1}, and denote by, the first node ofy; in its representation as a cyclic
sequence of nodes. For al=0,....,h—1, let a (possibly empty) path that starts in the last node
of aj and ends in the first node ofj 1)modn- Sincer is connected, it is possible to find such paths.
Let A; be the color difference matrix afj, and letP, be the color difference matrix af,. Moreover,

h-1
let (cp,Cy,...,Cn—1) be the non-negative integers such t%ﬁi% = L. Then, we define the matrix
h=0

Z= z{‘;olqA.. Finally, letn; the number of edges im; andm; the number of edges . At this point,
we definen = s tc;-n andm= 3" Im.

In order to construct a path with color limit, we reason as follows. Since in general the loops in
£ do not share a node with each other, to move fgrio a;. 1, we have to pay a price, represented by
the color difference matrix ofg. In order to make this price disappear in the long-run, weehse the
loopsa; an increasing number of times: in the first round, we travigérgdimes, in the second roundg;2
times, and so on. Formally, the construction is iterative anevery round > 0 we add, to the already
constructed path, the cycte defined by

Pi = 0° OO TG ... O™ T 1.
Note that the cyclep; starts and ends at nodg and containgn+i-n edges. The required infinite
path is thenp = pi1p2...pi.... We now show that this path has color liniit For alli > 0, letl; =
zijzl\pj\ = zij:l(eri -n), so thatp=! = p;...p;. We can easily observe that for evéry 1, it holds

|i+1—|i :m+i-n:m+(i—1)-n+n:|i—li,1+n.
Let AM; j; (resp.,Am; j i) be the maximum (resp., minimum) of tki¢ j’)-color difference among
the prefixes of;, i.e. AMj j; = maxX{diff ; ;;(a™") | 1 <t < nj} (resp., i.e. Amy jij = min{diff ; ;, (o) |

1<t <n}). Moreover, IetAM; j = Y4 c - AM, i (resp.,Am; j = SPtc - Amy ;). Similarly, let
PM;j ;i (resp.,Pm;j ;) be the maximum (resp., minimum) of tkg, j’)-color difference among the
prefixes ofr, preciselyPM; j i = max{diff ; , (=) | 1 <t < my} (resp.,PM; jr; = min{diff ; ; 4(TT") |
1<t <m}). Moreover, letPM; j» = zih;g'PMM/J (resp.,Pm; jy = ZP;&Pij/J).

At this point, we are able to derive the following two ineqties regarding th¢j, j')-color difference
alongp;.

h—1 h—1
(1) Pmy o +i- Amy = ;Pm,-,,-/.i + %i G- AN i <diff; ; (p™)
i= i=

h—-1 h—-1
§Z}PMj’jf’i+ %i'ci-AMj.j/’i :PMj’jf—l-i'AMj.j/.
= =

(2) ij.j/-i-i-Zj.j/ §diﬁj7j/(pi) SPMJ',J'/"'_i'ZJ',J'/'
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Thus, in the infinite patlp at each step € [I;,l;;1), we have that théj, j)-color difference has
module

r
diﬁ:j’j/(pgt) < le 'ZJ'»J" +i- PMH/ + |diﬁj7j/(pig+t;|r)|
i=
r
< ZI -ZH/—I—i 'PMj7j/—|—PMj7j/—|—(i —|—l)A|\/|j7j/
=

r
- Zli Zjj+ (i+ 1)(PMj j +AM;j jr).
i=

)
. . . . _|r
diff ; (p=") 2_Zi"Zj.j'+"ij,j/ﬂd'ffj,y(pﬁl )|
1=
r
> Zli Zjy+1-Pmy 4+ Pmy o+ (i 1AM
i=
;
= Zi ‘Zj 4 (i + )Py + Amy o).
i=

Note that, for alli > 1, it holds that(Pmy j + Amy j1) +i - Z; j + min{diff ; ;; (p=') [t € [l;_1,11)} <
min{diff; ;;(p=") | t € [Ir,lr41)} < max{diff; ;;(p=") [t € [I,lr11)} < (PMjj +AM;j) +i-Zjj +
max{diff ; ;; (p=!) |t € [I-_1,l;)}. So, applying Lemmil9 ta, = by, k=n, c=Pm; j +Am; j1, ¢ =Z; j,

iff (<t .
¢’ =PM;j j +AM; j andx; = l;, we obtain that lin, ;e Lk(p) = ZJhJ =L;.1
The following theorem characterizes the existence of anitafpath with a given color limit in terms of

a property of the simple loops in the graph. It is an immediatesequence of Lemrha 8 and Lenima 10.

Theorem 4 Let G be a k-colored graph, there exists an infinite path witloiclimit L iff there exists a
connected set of simple loops having a n.l.c. with ratio L.

Finally, the following lemma links the color-limit- system with the existence of a set of simple loops
with the desired property.

Lemma 1l There exists a set of simple loops in G with an n.l.c. of ratiff the color-limit-L system
for G is feasible.

Proof. [only if] Assume thats is a set of simple loops having an n.l.c. with ratio Let c5; be the
coefficient associated with the lo@pc . We construct a vector € R™ that satisfies the color-limit-
system. First, defink(e,0) as 1 if the edgeis in o, and 0 otherwise. Then, we set= 3 5., csh(e,0).
Considering that, for alb € £ andv €V, it holds thaty .. gh(e,0) = Seg, h(e0), it is a matter of
algebra to show that satisfies the color-limit- system.

[if] If the system is feasible, since it has integer coefintg it has to have a rational solution. More-
over, all constraints are either equalities or inequalitiethe typea” x ~ 0, for ~c {>,>}. Therefore, if
X is a solution thercx is also a solution, for alk > 0. Accordingly, if the system has a rational solution,
it also has an integer solutione Z™. Due to the constraints (3), such solution must be non-negeado,
in factx € N™,

Then, we consider each componggpof x as the number of times the edgis used in a set of loops,
and we use to construct such set with an iterative algorithm. At thet fitep, we sex' = x, we take a
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non-zero componend of x!, we start constructing a loop with the edgeand then we subtract a unit
from x§ to remember that we used it. Next, we look for another non-zemponenk}, such tha€' exits
from the nodee enters in. It is possible to show that the e@jean always be found. Then, we addo

the loop and we subtract a unit frm@. We continue looking for edges with xé, > 0 and exiting from
the last node added to the loop, until we close a loop, i.¢il, the last edge added enters in the node the
first edgee exits from. After constructing a loop, we have a residuakeex? for the next step. If such
vector is not zero, we construct another loop, and so on th&ilesidual vector is zero. In the end we
have a set of (not necessarily simple) loops. Using indagiioperties propagated through the steps of
the algorithm, it is possible to show that the set of loopsdres.l.c. with ratid_. Finally, we decompose
those loops in simple loops with the algorithm of Lemma 1.¢f #hd we obtain the thesill.

Now, Lemmd 6 is an immediate corollary of Theorem 4 and Lemfha 1

5 Conclusions

We have studied two-player games on colored graphs whexbjbetive of player 0 is the construction

of a balanced, bounded, or frequentypath. We have proved that deciding whether there exists a

winning strategy for this player is a Co-NP-complete probleMoreover, we have studied the one-

player version of the games with the frequerfcgoal and shown that it is solvable in polynomial time.
An open natural question arising in this framework is théofeing: if on a colored graph, or game,

there is no bounded nor balanced path, what is the “most tedpath” one can achieve? This problem

requires the definition of an appropriate order relation@nrcsequences, defining when a path is “more

balanced” than another.
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