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Abstract—In modal logics, graded (world) modalities have
been deeply investigated as a useful framework for generalizing
standard existential and universal modalities in such a way
that they can express statements about a given number of
immediately accessible worlds. These modalities have been
recently investigated with respect to the p-calculus, which have
provided succinctness, without affecting the satisfiability of the
extended logic, i.e., it remains solvable in EXPTIME. A natural
question that arises is how logics that allow reasoning about
paths could be affected by considering graded path modalities.
In this paper, we investigate this question in the case of the
branching-time temporal logic CTL (GCTL, for short). We
prove that, although GCTL is more expressive than CTL, the
satisfiability problem for GCTL remains solvable in EXPTIME.
This result is obtained by exploiting an automata-theoretic
approach. In particular, we introduce the class of partitioning
alternating Biichi tree automata and show that the emptiness
problem for them is EXPTIME-COMPLETE. The satisfiability
result turns even more interesting as we show that GCTL is
exponentially more succinct than graded p-calculus.

Keywords-Temporal logics, graded modalities, minimality,
conservativeness, satisfiability, automata-theoretic approach.

I. INTRODUCTION

Temporal logics are a special kind of modal logics that
provide a formal framework for qualitatively describing and
reasoning about how the truth values of assertions change
over time. First pointed out by Pnueli in 1977 [27], these
logics turn out to be particularly suitable for reasoning about
correctness of concurrent programs [28].

Depending on the view of the underlying nature of time,
two types of temporal logics are mainly considered [20].
In linear-time temporal logics, such as LTL [27], time is
treated as if each moment in time has a unique possible
future. Conversely, in branching-time temporal logics, such
as CTL [10] and CTL* [12], each moment in time may split
into various possible futures and existential and universal
quantifiers are used to express properties along one or all
the possible futures. In modal logics, such as AL [29]
and p-calculus [17], these kinds of quantifiers have been
generalized by means of graded (worlds) modalities [14],
[31], which allow to express properties such as “there exist
at least n accessible worlds satisfying a certain formula”
or “all but n accessible worlds satisfy a certain formula”.
For example, in a multitasking scheduling specification, we
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can express properties such as every time a computation
is invoked, immediately next there are at least two spaces
available for the allocation of two tasks that take care of the
computation, without expressing exactly which spaces they
are. This generalization has been proved to be very powerful
as it allows to express system specifications in a very
succinct way. In some cases, the extension makes the logic
much more complex. An example is the guarded fragment
of the first order logic, which becomes undecidable when
extended with a very weak form of counting quantifiers
[15]. In some other cases, one can extend a logic with very
strong forms of “counting quantifiers” without increasing
the computational complexity of the obtained logic. For
example, this is the case for pALCQ (see [3] for a recent
handbook) and graded p-calculus [18], [6], for which the
decidability problem is EXPTIME-COMPLETE.

Despite its high expressive power, the p-calculus is con-
sidered in some sense a low-level logic, making it an
“unfriendly” logic for users, whereas simpler logics, such as
CTL, can naturally express complex properties of computa-
tion trees. Therefore, an interesting and natural question that
arises is how the extension of CTL with graded modalities
can affect its expressiveness and decidability. There is a tech-
nical challenge involved in such an extension, which makes
this task non-trivial: in the p-calculus, and other modal
logics studied in the graded context so far, the existential
and universal quantifiers range over the set of successors,
thus it is easy to count the domain and its elements. In CTL,
on the other hand, the underlying objects are both states and
paths. Thus, the concept of graded must relapse on both of
them. We solve this problem by introducing graded path
modalities that extend to minimal and conservative paths
the generalization induced to successor worlds by classical
graded modalities, i.e., they allow to express properties such
as “there are at least n minimal and conservative paths
satisfying a formula”, for suitable and well-formed concepts
of minimality and conservativeness among paths. We call
the introduced logic GCTL, for short. Note that in this
framework, a state can have only one direct successor but
more than one different path going through it. This must
be taken into account while satisfying a given graded path
property. To deal with this difficulty, we use a combinatorial
tool: the partitioning of a natural number k, that is, we
consider all possible decompositions of k into summands



ie,3=340=2+1=1+1+1). This is used to
distribute k different paths emerging from a state onto all its
direct successors. Note that, while CTL linearly translates to
p-calculus, the above complication makes the translation of
GCTL to graded p-calculus not easy at all. Indeed, we show
such a translation with an exponential blow-up, by taking
into account the above path partitioning. The minimality
property allows to decide GCTL formulas on a restricted but
significant space domain, i.e., the set of paths of interest, in a
very natural way. In more detail, it is enough to consider only
the part of a system behavior that is effectively responsible
for the satisfiability of a given formula, whenever each of
its extensions satisfies the formula as well. So, we only
take into account a set of non-comparable paths satisfying
the same property using in practice a particular equivalence
relation on the set of all paths. Moreover, the minimality
allows the graded path modalities to subsume the graded
world modalities introduced for the p-calculus. Indeed, if
we drop the minimality, it makes no sense to discuss the
existence of a path in a structure, where the existence of a
non-minimal path satisfying a formula may induce also the
existence of an infinite number of paths satisfying it.

With GCTL it is possible to express properties of a num-
ber of (not immediate) successor worlds, in a very succinct
way, without explicitly stating properties of the intermediate
worlds. As an example, consider the property “in a tree, there
exists a path in which everytime p holds at a given node z,
n grandchildren of x satisfy ¢”. This property can easily
be expressed in GCTL (linearly in n). Conversely, a graded
p-calculus formula would require to consider all possible
children scenarios (i.e., all partitions of node successors)
of p, and therefore it needs a length exponential in n. We
also prove that this exponential blow-up is unavoidable. In
particular, the idea of counting paths on a tree, behind the
previous example, is the core of the proof we use. As another
and more practical example of an application of GCTL,
consider again the above multitasking scheduling, where we
may want to check that every time a non-elementary (i.e.,
non one-step) computation is required, then there are at least
n distinct (i.e., non completely equivalent) non-redundant
computational flows that can be executed. This property
can be easily expressed in GCTL thanks to the concepts
of minimality and conservativeness.

The ability of GCTL to reason about numbers of paths
turns out to be suitable in several contexts. For example,
it can be useful to query XML documents [2], [21]. These
documents, indeed, can be viewed as labeled unranked trees
[4] and GCTL allows reasoning about a number of links
among tags of descendant nodes, without naming any of the
intermediate ones, in a very succinct way. In particular, it is
possible to verify how-many minimal data-paths satisfying
a given query exist in an XML document. We also note that
our framework of graded path quantifiers has some similarity
with the concept of cyclomatic complexity, as it was defined

by McCabe in a seminal work in software engineering
[22]. McCabe studied a way to measure the complexity
of a program, identifying it in the number of independent
instruction flows. From an intuitive point of view, since
graded path quantifiers allow to specify how many minimal
computational paths satisfying a given property reside in a
program, GCTL subsumes the cyclomatic complexity, where
for independent we replace minimal.

The introduced framework of graded path modalities turns
out to be very efficient in terms of expressiveness and
complexity. Indeed, we prove that GCTL is more expressive
than CTL, it retains the tree and the finite model proper-
ties, and its satisfiability problem is solvable in EXPTIME,
therefore not harder than that for CTL [11]. This, along
with the fact that GCTL is exponentially more succinct
than graded p-calculus, makes GCTL even more appealing.
The upper bound for the satisfiability complexity result is
obtained by exploiting an automata-theoretic approach [32],
[19]. To develop a decision procedure for a logic with
the tree model property, one first develops an appropriate
notion of tree automata and studies their emptiness problem.
Then, the satisfiability problem for the logic is reduced to
the emptiness problem of the automata. To this aim, we
introduce a new automaton model: partitioning alternating
tree automata (PATA). While a nondeterministic automaton
on visiting a node of the input tree sends exactly one copy of
itself to each successor of the node, an alternating automaton
can send several copies of itself to the same successor. In
particular, in symmetric alternating automata [16], [33] it is
not necessary to specify the direction of the tree on which
a copy is sent. In [18], graded alternating tree automata
(GATA) are introduced as a generalization of symmetric
alternating tree automata, in such a way that the automaton
can send copies of itself to a given number n of state
successors, either in existential or universal way, without
specifying which successors these exactly are. PATA further
extend GATA in such a way that the automaton can send
copies of itself to a given number n of paths. As we show,
for each GCTL formula ¢, it is always possible to build in
linear time a PATA A, along with a Biichi condition (PABT)
accepting all the tree models of ¢. The major difficulty here
is that whenever ¢ contains graded modalities such as “there
exist at least n minimal paths satisfying a path property ",
A, must accept trees in which there are at least n distinct
paths satisfying 1), where some groups of those paths can
arbitrarily share the same (proper) prefixes, and we ensure
this by constraining the transition relation of the automaton.
We show an EXPTIME decision procedure for the empti-
ness of PABT through an exponential translation into non-
deterministic Biichi tree automata (NBT). In more detail, we
use a variation of the Miyano and Hayashi technique [23]
for tree automata [25], which has been deeply used in the
literature for translating alternating Biichi automata (on both
words and trees) to nondeterministic ones. Then, the result



follows from the fact that the emptiness problem for NBT
is solvable in polynomial time [32].

Related work: Our graded framework is fully based on
the concepts of minimality and conservativeness. However,
a version of graded CTL that does not use these concepts
in its semantics has been recently studied in [13]. There,
the authors consider overlapping paths (as we do) as well as
disjoint paths. They solve the model checking problem and
in particular, by opportunely extending the classical algo-
rithm for CTL [10], they show that, in case of overlapping
paths, the model checking problem is PTIME-COMPLETE
(thus not harder than CTL), while for disjoint paths, it is in
PSPACE and both NPTIME-HARD and CONPTIME-HARD.
We finally remark that, differently from [13], we study the
satisfiability problem and our automata-theoretic approach
is one of the major contribution of this paper.

The paper is self contained. However, detailed proofs can
be found on the accompanying Technical Report [5].

II. PRELIMINARIES

Given a set X of objects (numbers, words, etc.), we denote
by |X| the number of its elements, called the size of X, and
by 2% the powerset of X. In addition, by X" we denote the
set of all n-tuples of elements from X, by X* = U;ﬁo X"
the set of finite words on the alphabet X, and by XT the
set X* \ {e}, where as usual, w is the numerable infinity
and ¢ is the empty word. By |x| we denote the length of a
word x € X* and by {x;}? the ordered sequence (z1,...,
x,) € XT of objects varying on the index i. As special sets,
we consider N and N = N\ {0} as, respectively, the sets of
natural numbers and positive natural numbers. Furthermore,
by N,y and N,,); we denote the subsets {k € N |k < n}
of Nand {k € Ny | £ <n} of Ny, where n € NU {w}.

A structure S is an ordered tuple (X,R), where (i)
X = dom(S8) is a non-empty and countable set of objects,
called the domain of S, and (ii) R C X x X is a binary
relation between objects. We denote the size |S| of S as the
number |X| of objects of its domain. An infinite structure is
a structure of infinite size. When the relation R is clear from
the context, to refer to a structure we only use its domain.
A tree is a structure (X, R) in which the domain X, in the
following also referred to as the set of nodes, is a subset of
N* such that (i) if x - a € X, with x € N* and a € N, then
also z € X and (ii) (z,2’) € R iff 2’ = z - a, for some
a € N. The empty word ¢ is the root of the tree. A tree is
full iff x-a € X, with a € N, implies =z - b € X, for all
b € N,. A path is a tree (X,R) in which for all nodes
x € X there is at most one ¢ € N such that z - a € X,
i.e., the transitive closure of the relation R is a linear (total)
order on X. A X-labeled structure S = (£,X,R,L) is a
tuple in which (i) X is a finite set of labels, (ii) (X,R) is
a structure, and (iii) L : X — X is a labeling function that
colors each object with a label. When both ¥ and R are
clear from the context, we indicate a labeled structure (X,

X, R, L) with the shorter tuple (X, L).

Let S = (X,R) and &’ = (X', R’) be two structures. We
have that S’ is a substructure of S, in symbols &’ < S,
iff (i) X’ € X and (ii)) R" = RN (X’ x X’) hold. Also, S
and S’ are comparable iff (i) S < 8’ or (ii) S’ < S holds,
otherwise they are incomparable. For a set of structures G,
the set of minimal substructures (antichain) mins(&) is the
set containing all and only the structures S € & such that
for all &’ € &, it holds that (i) S < &', or (ii)) S is
incomparable with S. Note that all structures in mins(&)
are pairwise incomparable. A structure S is minimal w.r.t.
a set & (or simply minimal, when the context clarifies the
set ©) iff S € mins(S). A set of structures & is minimal
iff & = mins(&).

A Kripke structure K = (AP, W,R,L) is a 2°P-labeled
structure, where AP is a set of atomic propositions, W =
dom(K) is a set of worlds (the domain of the structure),
R is a relation on W, and L : W — 24P is the labeling
function that maps each world to a set of atomic propositions
true in that world. For a world w € W, we define the
unwinding of the structure C starting from w as the full
and possibly infinite 2°F-labeled (Kripke) tree U~ = (AP,
W', R/, L’) such that there is a function uf : W’ — W, called
unwinding function, satisfying the following properties: (i)
uf(¢) = w and, for all w’;v" € W’ and v € W, it holds
that (i) L'(w’) = L(u(w")), (iii) if (w’,v") € R/, then
(f(w'),uf (V")) € R, and, (iv) if (Uf(v'),u) € R, then
there is one and only one u' € W’ such that uf(u') = u
and (v',u') € R’. Note that the unwinding function, and
so the unwinding structure, is unique up to isomorphisms.
Given a Kripke structure K and w € W = dom(K), we
define pth(/C,w) as the set of paths of K starting from w.
Formally, a path 7 is in pth(/C,w) iff 7 < 4% . In addition,
we set pth(K) = [J,,cw Pth(IC, w). With 7(-) we denote
the function 7 : N(jz—1;) = W that maps each number
k € N(jxj—1) to the world 7(k) = uf(w’) of K, which
corresponds to the (k + 1)-st position on the path 7, where
Uf is the unwinding function relative to U, w’ € dom(n),
and |w’'| = k. Note that 7(0) = uf(¢) = w.

Finally, let n € N, we define the following two sets: the
set P(n) of all solutions {p;}? to the linear Diophantine
equation 1xpy +2po+. . A n4p, = n and the set (P(n) of the
cumulative solutions {@; } obtained by summing increasing
sets of elements from {p;}?. Formally, P(n) = {{p;}? €
N | 3 ixp; = n} and P(n) = {{@i}} € N* |
ﬂ{pz}? S P(n) Vi € N(n)+ D@ = Z;’L:z’pj}' Note that
|P(n)| = |P(n)| and, since for each solution {p;}? of the
above Diophantine equation there is exactly one partition of
n, we have that |(P(n)| = p(n), where p(n) is the number
of partitions of n. By [1], we have that, for a constant «,
p(n) = ©(22%v"). So it follows that |P(n)| = O(222V™).



III. THE GRADED CTL TEMPORAL LOGIC

In this section, we introduce an extension of the classi-
cal branching-time temporal logics CTL with graded path
quantifiers. We show that this extension allows to gain
expressiveness without paying any extra cost on deciding
its satisfiability. For technical convenience, we introduce this
logic through the state and path framework of CTL".

The graded computation tree logic (GCTL") extends
CTL* by using two special path quantifiers, the universal
A<9 and the existential EZ9, where g denotes the corre-
sponding degree. As in CTL", these quantifiers can prefix
a linear-time formula composed of an arbitrary combination
and nesting of the temporal operators X (“effective next”), X
(“hypothetical next”), U (“until”), and R (“release”). The
quantifiers A<9 and EZ9 can be respectively read as “all
but g minimal paths” and “there exist at least g minimal
paths”. The formal syntax of GCTL* follows.

Definition III-A. (Syntax) GCTL™ state (@) and path (1)
formulas are built inductively from AP using the following
context-free grammar, where p € AP and g € N:

D pu=ploploAp|eVe|ASIy|E29y,

) b= | W[ YA [ YVY | XY | X [ U | YR
The class of GCTL* formulas is the set of state formulas
generated by the above grammar. In addition, the simpler
class of GCTL formulas is obtained by forcing each tempo-
ral operator, occurring in a formula, to be coupled with a
path quantifier, as in the classical definition of CTL.

For a state formula ¢, we define the degree deg() of ¢ as
the maximum natural number g occurring among the degrees
of all its path quantifiers. We assume that all such degrees
are coded in unary. Accordingly, the length of a formula ¢,
denoted by ||, is defined inductively on the structure of ¢
in a classical way, by considering |A<93)| and |[EZ9%)| to be
equal to g + 1 + [¢|. Clearly, deg(p) = O(|¢|).

We now define the semantics of GCTL* w.r.t. a Kripke
structure K. For a world w € dom(K), we write K, w = ¢
to indicate that a state formula ¢ holds at w, and, for a path
m € pth(K), we write K, 7,k |= 1 to indicate that a path
formula 1 holds on 7 at position k& € N /_1). Note that,
the relation K, 7,k = v does not hold for any point k €
N, with & > |x|. For a better readability, in the semantics
definition of GCTL* we use the special set P 4 (K, w, ¢) and
its dual P (K, w,1)), with the following meaning: P4 (K,
w, 1)) contains every path m starting in w such that all its
extensions 7’ (including ) satisfy the path formula ). The
semantics of GCTL" state formulas of the form A<93) and
EZ94) follows. The semantics of the remaining GCTL* state
formulas and that of GCTL* path formulas is defined as
usual in CTL* and reported in Appendix A.

Definition III-B. (Semantics of A<9 and E=Y9) Given a
Kripke structure K = (AP, W,R,L), a world w € W, a
path formula 1, and a natural number g, it holds that:

D) K,w = A9 iff [mins(pth(K, w)\B e (K,w.))| <g:
2) ’Caw ': Ezgw lff |m|ns(q3A(IC7w7w))‘ Z 95
where PA(K,w,v) = {m € pth(K,w) | V&' € pth(K,
w) < 7 impliesK, 7,0 = ¥} and Pr(K,w,v) = {7 €
pth(C,w) | In’ € pth(K,w) : 7 g 7’ and K, 7,0 |= ¢}.

Note that GCTL* (resp., GCTL) formulas with degrees
1 are CTL" (resp., CTL) formulas. Moreover, the above
definition of P4 (K, w, 1) and P g (K, w, 1) formally states
that they are dual of each other, i.e., P (K, w, ) = pth(KC,
w) \ P (I, w,—1)). Let K be a Kripke structure and ¢ be
a GCTL* formula. Then, K is a model for ¢, denoted by
K = o, iff there is w € dom(K) such that IC, w = ¢. In this
case, we also say that K is a model for ¢ on w. A GCTL*
formula ¢ is said satisfiable iff there exists a model for it.
Moreover ¢ is invariant on the two Kripke structures K and
K iff either K = ¢ and K’ |= ¢ or K [~ ¢ and K’ }~= .

We now give the formal definition of conservativeness
and then, by means of two examples, we clarify the need
of the concepts of minimality and conservativeness. A path
m of K is conservative w.r.t. a path formula ¢ iff, for
all paths 7’ extending 7, i.e., with 7 < =/, it holds that
K, 7,0 = 1. Note that this concept of conservativeness is
automatically embedded in the definition of the set P4 (/C,
w, 1), since we consider only paths 7 € P4 (K, w, 1) that,
if extended, continue to satisfy the formula ). Now, for the
minimality, consider a finite tree 7 having just three nodes
all labeled by p, the root and two of its successors. Also,
consider the formula ¢ = EZ2Fp. Because of the minimality,
the two paths of length two that satisfy F p collapse into
the path containing just the root, hence 7 ~ . For the
conservativeness, consider another tree 7’ equal to 7, but
with one of the two root successors not labeled with p. Also,
consider the formula ¢’ = EZ2G p. At this point, by the
conservativeness, we have that 7’ [~ ¢’ even if there are two
paths satisfying the formula G p, since the path containing
just the root is not conservative. Indeed, this path can be
extended in a path that does not satisfy G p.

For all state formulas ¢ and s (resp., path formulas
11 and 1), we say that ¢q is equivalent to s, formally
Y1 = o, (resp., 1 is equivalent to 1y, formally 1 = 1b9)
iff for all Kripke structures K and worlds w € dom(K) it
holds that I, w = ¢q iff K, w = @2 (resp., mins(Pa (K, w,
P1)) = mins(Pa (K, w, ¥2))).

In the rest of the paper, we only consider formulas in
existential normal form or in positive normal form, i.e.,
formulas in which only existential quantifiers occur or
negation is applied only to atomic propositions, respectively.
In fact, it is to this aim that we have considered in the syntax
of GCTL* both the connectives A and V, the quantifiers
A<9 and E29, and the dual operators X and R. Indeed,
all formulas can be converted into existential or positive
normal form by using De Morgan’s laws and the following
equivalences, which directly follow from the semantics of



the logic. Let v, 11, and 15 be path formulas and g € N,
it holds that —~A<9¢) = E29-), =X ¢y = X, and
—(y1U ¢2) = —)1R =)o, To abbreviate formulas, we also
use the boolean values t (“frue”) and | (“false”) and the
path quantifiers Evp = EZ) (“there is a minimal path”) and
E>9y = E29t Ly (“there are more than g minimal paths”).
The following lemma shows interesting equivalences
among GCTL formulas that are useful to show important
properties on the introduced logic. In particular, we show
fixed point equivalences that extend to “graded” formulas
the well known analogous ones for “ungraded” formulas.

Lemma III-C. Let 1 and o be state formulas, g > 1,

and ex(1), g) = \/{hi}?ECP(g) N, EZMX EZi). Then, the
following equivalences hold:

o Ep1Ups = 2 V1 Aex(p1U s, 1) and E2991U gy =
2 A1 Aex(p1U o, g)

e EpiR o3 = o A (p1 V EXTV ex(¢1R 2,1)) and
E=29¢1 Ry = 0o A1 AEXE=(01Re2) A ex(¢1R 02,9)

The function ex(t), g) used in the above lemma allows
to partition g paths through h; successor worlds, for a
given sequence {h;}7 € (P(g). Indeed, h; is the number
of successor worlds from which at least ¢ paths satisfying
1 start. Therefore, hq is a sufficient bound on the number
of successor worlds we have to consider to ensure the
satisfiability of the formula. By a simple calculation, it also
follows that |ex(1), g)| = g * (|9 + L5« |[P(g)| — 1 =
O((|[¢o| + %) * 2>v9), for a constant cv. Note that, for g = 1,
Lemma III-C gives the two classical fixed point expansions
for CTL: E(p1U 92) = 92 V 1 A EX E(p1U ¢2) and
E(p1R p2) = 02 A (1 V EXFV EXE(p1R p2)).

In the next theorem, we show an exponential reduction
of GCTL to the graded p-calculus'. Some adding details of
the proof are reported in [5].

Theorem III-D. Given a GCTL formula ¢ there exists an
equivalent graded p-calculus formula ¢’ whose size is at
most exponential in the size of p. Moreover, in some cases
the blow-up is unavoidable.

Proof: (Sketch) The equivalences shown in Lemma
II-C suggest a reduction of GCTL to graded p-calculus.
Since this involves the use of the function ex(1),g) of
exponential size, we obtain an exponential translation. For
the lower bound, consider the property “in a tree, there exist
just g grandchildren of the root labeled with p, while all
other nodes are not”. Such a property can be described by the
GCTL formula ¢ = (EZ9Fp) A=pAAX—pAAXAXAXAG—p.
We claim that a graded p-calculus formula ¢’ requires
exponential size to express the same property. Let L be the
set (of exponential size) of all the tree models of ¢. For

IThe p-calculus is a well-known modal logic augmented with fixed point
operators [17]. The graded p-calculus extends the p-calculus with graded
state quantifiers [18], [6].

each 1 < ¢ < n, let L; be the set of trees having exactly @
root successors labeled with p and all remaining nodes not
labeled with p. For each L;, it is possible to find in ¢’ a
graded p-calculus subformula ¢! whose models are in L;.
Now, we recall that directly from the definition of GCTL
models, trees in L are made in such a way that the n nodes
labeled with p, present at the second level of it, are grouped
as children of root children, w.r.t. a possible partitioning of
n (i.e., a set in P(n)). As an example, L contains the tree
having two distinct root children x and y, where x has n—1
children labeled with p and y has just one node labeled with
p. One can see that a tree in L can have several subtrees
rooted at level 1 coming from different L;s. Moreover, to get
all trees in L, one has to consider all possible combination of
trees from the sets L;s. Since each of these correspond to a
%, it means that every ¢’ requires an exponential disjunction
of combinations of . [ |

By Theorem III-D and the fact that for graded p-calculus
the satisfiability problem is solvable in EXPTIME [18], we
immediately get that the satisfiability problem for GCTL
is decidable and solvable in 2EXPTIME, as reported in the
following corollary. However, in the next section we improve
this result by showing that the satisfiability problem for
GCTL is solvable in EXPTIME, by exploiting an automata-
theoretic approach that deeply makes use of the idea behind
the function ex(v, g) introduced in Lemma III-C.

Corollary III-E. The satisfiability problem for GCTL is
decidable and solvable in 2EXPTIME.

We conclude this section by showing some interesting and
simple properties about GCTL. First of all, by using a proof
by induction we show that this logic is invariant under the
unwinding of a model. Directly from this, we obtain that
GCrTL also enjoys the tree model property. Moreover, by
the reduction to the graded p-calculus (Theorem III-D), we
directly obtain that GCTL has the finite model property.”.
Straightforwardly, it also holds that GCTL is not invariant
under bisimulation among models, since counting is not
bisimular-invariant at all. Directly from this, we obtain
that GCTL is more expressive than CTL, since the latter
is invariant under bisimulation. All these properties are
reported in the following theorem.

Theorem III-F. For GCTL it holds that (i) it is invariant
under unwinding; (ii) it has the tree model property; (iii)
it has the finite model property; (iv) is not invariant under
bisimulation; and (V) it is more expressive than CTL.

IV. PARTITIONING BUCHI TREE AUTOMATA

Nondeterministic automata on infinite trees are an ex-
tension of nondeterministic automata on infinite words and

2To the best of our knowledge, the proof of the finite model property
for the graded p-calculus is not present in the literature. However, using
the reduction to the classical p-calculus explained in [18] it is possible to
derive the property directly from that of the classical logic.



finite trees (see [30] for an introduction). Alternating au-
tomata [26] are a generalization of nondeterministic au-
tomata that embody the same concept of alternation as
Turing machines [7]. Intuitively, while a nondeterministic
automaton that visits a node of the input tree sends exactly
one copy of itself to each of the successors of the node,
an alternating automaton can send several copies of itself
to the same successor. Symmetric automata [16], [33] are a
variation of classical (asymmetric) alternating automata in
which it is not necessary to specify the direction (i.e., the
choice of the successors) of the tree on which a copy is
sent. In fact, through three generalized directions (e-moves,
existential moves, and universal moves), it is possible to send
a copy of the automaton, starting from a node of the input
tree, to the same node, to some of its successors, or to all
its successors. Hence, the automaton does not distinguish di-
rections. As a generalization of symmetric automata, graded
alternating tree automata (GATA, for short) have also been
introduced [18]. In this framework, the automaton can send
copies of itself to a given number n of successors, either
in existential or universal way, without specifying which
successors these exactly are. Moreover, a GATA can also
send a copy of itself to the reading node by pursuing an
€-move.

Here, we consider partitioning alternating tree automata
(PATA, for short) as a generalization of GATA in such a
way that the automaton can send copies of itself to a given
number n of paths, starting from the current node. As we
show later, for each GCTL formula ¢, it is possible to build a
PATA that accepts all and only the tree models of ¢. The key
idea is to extend GATA’s runs by also labeling their nodes
with a natural number, with the aim of collecting “graded
path information”. We give an idea on how a PATA A works
w.r.t. the logic GCTL through an example.

First, note that A uses as states all possible subformulas
of the considered formula?, as it is done classically in the
automata-theoretic approach to solve decidability problems
in logic [19]. Now, suppose that the automaton is in the node
z of an input tree T and in state E=9¢), where 1 is also a
GCTL path formula. Then, in a state corresponding to ),
the automaton sends n < g copies of itself to n successors
of x with degrees ¢gi,..., g, that sum to g. One can note
that this sequence of n degrees is a partition of the number
g. The degree g; associated to a successor z; of x denotes
that at least g; minimal paths starting from x; have to satisfy
1 and the automaton takes care of it through the transition
function. In more details, we identify the set of n directions
relative to successors of x w.r.t. the degrees {g1,...,gn} by
means of a decreasing chain {Mj, ..., M, 11}, such that for
each 1, it holds that M; \ M, contains all directions of z
that are associated with a degree ¢. Clearly, there could be

3More precisely, the automaton uses, as states, an extended definition of
the Fischer-Ladner. See proof of Theorem 3 in [5] for a formal definition.

different possible chains satisfying such a property and each
one induces a different run of A on T. As a particular case,
A sends g copies of itself to g distinct successors of x on
choosing |M;| = g and, for each i > 1, M; = 0.

The formal definition of a PATA along with the Biichi
acceptance condition (PABT, for short) follows. In particular,
we give a definition without any constraint on the use of its
labeling degrees, which allows to introduce a more general
class of automata, independently from the logic we consider
here. Note that by the definition we give, the automaton on
its own cannot enforce that multiple successors in which
it is sent are all distinct. However, we can force this by
means of the transition function. First, we introduce some
extra notation. With B*(X) we denote the sets of positive
Boolean formulas over X (i.e., Boolean formulas built from
elements in X using A and V) where we also allow the
formulas t (true) and f (false). For a set X’ C X and a
formula ¢ € B*(X), we say that X’ satisfies ¢, X' |= ¢, iff
the assigning of true to elements in X’ and false to elements
in X\ X/ makes ¢ true. With D;, and D we denote the sets
{0, 0} x Niyy4 and Dy U {e}, respectively. Intuitively, these
two sets represent the generalized directions that one can
use, through the transition function, to describe the behavior
of the automaton. For brevity, we often write (g) and [g]
instead of (0, g) and (O, g), respectively.

Definition IV-A. (PABT) A partitioning alternating Biichi
tree automaton is a tuple A = (Q, %, b, 6, qo, go, F'), where
Q is a finite set of states, 3 is a finite input alphabet, b € N is
a counting branching bound, § : Qx Ny x X — B (D} xQ)
is a transition function, qo € Q) is an initial state, gy € N is
an initial branching degree, and F C Q) X N is a Biichi
acceptance condition, which is defined later.

The behavior of a PABT is described by means of a run.
As for classical alternating automata, given a PABT A = (Q,
%,b,0,q0, go, F) and a X-labeled tree (T, inp) in input, a run
(T,,run) of A on (T,inp) is induced by the sets of pairs
S C Dy x @ satisfying its transition function . Here, we
first give an intuition of such a run through an example.
Suppose that A, while reading a node x of T labeled with
o, is in a state ¢ with degree g at the node y of the run,
and 6(1], 9, 0) = (57 Q1) A ((<3>7 QQ) v ([2]’ Q3)' Also, suppose
that = has three successors {x -0,z -1,z -2}. Consider now
S = {(g,q1), ((3),q2)} satisfying 6(q, g,0). Accordingly,
A can send a copy of itself to node x in the state g; (by
performing an e-move) and three copies of itself in the state
q2 to three paths through either one, two, or all successors
of z. Now, suppose that we want to send two copies of A
through one successor and one through another. This can
be characterized by taking M; = {0,1}, Ms = {1}, and
M;3 = My = (. Consequently, the run has three successors
{y-0,y-1,y-2}, one labeled with (x, g1, 0) (for the e-move),
another labeled with (x - 0,¢2,1), and the last one labeled
with (z -1, ¢q,2).



We now give the formal definition of a run. To this
aim, we first formally define the sets {M;}9"" introduced
above, through a function spart, useful to define the required
splitting among paths. Then, we introduce a function exec
that allows to construct all possible execution steps.

Definition IV-B. (Splitting partition function) A splitting
partition function spart : (D,d) € 2% x Dy s spart(D,
d) € 229" maps a set D and a direction d into a set
of decreasing chains {M;}, of subset of D (M; C D and
M; O MiJrl) such that:

1) if d = (g), then for all {M;}9*" € spart(D,d) C
(2P)9+1, it holds that My 1 = 0 and there is {h;}] €
P(g) such that |M;| = hy, for all j € Ng)4;

2) if d = [g], then for all {M;}9*" € spart(D,d) C
(2P)9+L it holds that My = D and for all {h;}] €
P(g) there is j € N(gy1 such that |Mj 1] < h;.

Differently form GATA, one can see that in general the
sets spart(D, (g)) and spart(D, [g]) are not the dual of each
other. This is due to the fact that in PATA, for a considered
node x, we may want to check properties along paths starting
in x, instead of just looking at the successors of x, as it is
done in GATA. This induces, in the d = (g) case, to take care
of just g paths (on which we check that a certain property
holds), while in the d = [g] case we have to take care of
all paths (i.e., that in less than g paths the property may or
may not hold, while in all the remaining ones it must hold).

We now give the formal definition of the function exec.
Let N, denote the set NU {e}.

Definition I'V-C. (Execution function) An execution func-
tion exec : (S,D) € 2P5XQ x 2N 1 exec(S,D) €

e @ maps the two sets S and D into the set of all
possible subsets of Ne x Q X N,), called configurations of
the execution, such that, for all sets E € 2N-XQxNw) ype
have E € exec(S, D) iff for all pairs (d,q) € S it holds
that:

1) if d =c¢€ then (g,q,0) € E;

2) if either d = (g) or d = [g] then there is {M;}?"
spart(D, d) such that for all i € Ny and direction
x € M; \ M;14, it holds that (x,q,i) € E.

The above function exec allows us to give the following
definition of PABT’s run in a very concise and elegant way.
First, we introduce some extra notations. Let X' C X*
be a set of words on X and x € X*. Then, we denote
by succx/(x) the set of successor words of x in X', i.e.,
succx/(z) = {x-a € X' | a € N} and by dirx/(x) the set of
direction of z in X/, ie., dirx/(z) ={a e N |z -a € X'}.
Now, let f : X' — X”. We use inf(f) to refer to the set
{z € X" | |f7Y(=)] = w}, ie., the set of elements of
X" that f uses infinitely often as labels for elements in
X', and fix to indicate the restriction of f to X", i.e.,
fixom X" — X", where X"/ C X'. In the following we

also write S |= (g, g,0) to denote that S is a set of tuples
(d,q) € Di x @ that satisfies 6(q, g, 0).

Definition IV-D. (Run of a PABT) A run of a PABT A =
(Q,%,b,4,q0, 90, F) on a X-labeled tree (T ,inp) is a (T X
Q x Nyy)-labeled full tree (T,,run) such that:
1) run(e) = (&,90,90);
2) for all y € T, with run(y) = (x,q,9g), there exist a
set S C D; x Q, where S |=6(q, g,inp(z)), and a set
E € exec(S,dirr(z)) such that for all configurations
(d,q',¢') € E there is a node y' € succr,(y) such
that run(y’) = (z - d,q', ¢').
The run (T,,run) is accepting iff all its infinite paths satisfy
the acceptance condition, i.e., for all paths ™ < T,, with
|| = w, it holds that inf(run;;) NT x F # (. A tree (T,
inp) is accepted by A iff there is an accepting run of A on it.
By L(A) we denote the language accepted by the automaton
A, i.e., the set of all input trees that A accepts. A is said
to be empty if L(A) = 0. The emptiness problem for A is
to decide whether L(A) = (.

By extending a construction given in [19], we obtain the
following result.

Theorem IV-E. Given a GCTL formula p with degree b,
we can construct in time O(|¢|) a PABT A, with O(|¢|)
states and counting branching bound b, such that L(Ay) is
exactly the set of all tree models of .

Proof: (Sketch) The automaton A, is defined as the
tuple (ecl(¢), 247 deg(), 6, ¢, 0, F), where ecl(y) is the
Fisher-Ladner-closure extended in order to deal with graded
path modalities. The acceptance condition F' is the set of
all pairs ((p1R @2),1) and ([p1R @3], 1) of ecl(v) x Ny.
The transition function extends that introduced in [19] for
CTL, along with the extra graded path modalities. Its formal
definition is reported in [5]. Here, we only give an intuition
of it through a couple of examples. Finally, a formal proof
of the correctness of the whole construction, also reported
in [5], follows naturally, by extending that (by induction on
the structure of the formula) used for CTL.

First, recall that 4 is a function from ecl(p) x N;) x 247
into BT (D; x ecl(yp)). Consider now the state formula
¢ = EZ9X ¢'. This formula is true on a tree model rooted
at a node x having at least g distinct successors of x
satisfying ¢’. This is ensured through the § in two successive
steps. First, starting from the state EZ9X ¢, the § gives the
formula ({(g), (¢')), which intends to send to g successors
(not necessarily distinct) the check of the satisfaction of ¢’.
Then, from state (') we have to ensure that each of such
successor nodes, say y, contributes to the satisfiability of
exactly one ¢’ (intuitively one degree of ). Therefore, on
reading y, if the degree associated with the state (¢') is
greater then 1, the J returns false, otherwise, with an e-
move, we move to state ’. Accordingly, in the & we use as
counting branching positive numbers to indicate formulas’



degrees which have to be accomplished along paths and
use as a convention 0 if we have none to accomplish. In
particular, e-moves always give 0 as counting branching.

As another example, consider the state formula ¢ =
EZ9(p1U p2). This formula is true on a tree model rooted at
a node x having at least g distinct minimal paths satisfying
»1U @2. As in CTL, the path formula ¢1U @9 is true on a
path if (o is immediately true, or ; is immediately true and
then the formula ¢1U oo is satisfied on the successor node.
Moreover, the quantifier EZ9 requires that there are at least g
of such (minimal) paths. Therefore, if ¢ = 1 the § proceeds
as in CTL. Conversely, if g > 1 we have to force yg to not
be immediately true (otherwise, we have less than g minimal
paths satisfying the formula). Thus, we use the § to ensure
that @7 is immediately true and that g successive paths (but
not necessarily all distinct) satisfy ¢1U 9. Iteratively, the
0 keeps using the above idea up to all states corresponding
to the formula ¢, U (5 are sent to next nodes with counting
branching 1. This ensures that the considered tree model has
at least g minimal paths satisfying the formula ¢ Us. Note
that if less than g of such paths exist in the tree model, then
the automaton keeps regenerating infinitely often the state
corresponding to the until formula. Such a tree is then not
accepting as this state is not in F'. It is worth noting that, the
above iteration upon the until states inherits the fixed point
idea of the function ex(¢,g) introduced in Lemma III-C.
In particular, we formally embed it into the ¢ through the
formula ((1), (¢p1U ¢2)) (see the formal definition of ¢ in
[5] for details). This is a key step in our construction, since
it allows to treat the exponential blow-up induced by this
function by only using a constant rule into the 9. ]

In the remaining part of this section, we illustrate how the
emptiness problem for PABT can be solved in EXPTIME. To
gain this result, we use a technical extension of the Miyano
and Hayashi technique [23] for tree automata [25], which has
been deeply used in the literature for translating asymmetric
alternating Biichi automata to nondeterministic ones in ex-
ponential time. Here, we use this technique to translate with
the same blow-up a PABT into nondeterministic Biichi tree
automata (NBT, for short). Roughly speaking, this means
that we manage to combine the exponential blow-up induced
by the alternation and that induced by the permutations of all
possible splitting degrees in only one exponential blow-up.
This technique is illustrated in the next theorem.

Theorem IV-F. Let A be a PABT with n states and counting
branching bound b. Then, there exists a NBT A’ with
22nx(b+1) states and n * b(b + 1)/2 directions such that A
is not empty iff A’ is not.

Proof: (Sketch) The NBT A’ guesses a subset con-
struction applied to a run of the PABT. At a given node
2 of a run of A’, it keeps in its memory the set of states
in which the various copies of A visit the node z in the
guessed run. In order to make sure that every infinite path

visits accepting states in F' infinitely often, A’ keeps track
of states that “owe” a visit to F. The fact that PABT
are symmetric, however, requires further non-trivial work,
indeed, differently from the classical approach, we have to
convert the symmetric automaton .4 into a nondeterministic
one. This is because, while for symmetric automata there is
bijective correspondence between direction of both the input
and output automaton, in our case we have to build this
correspondence by looking at the § of the input automaton.
The extra problems are: (i) A can perform e-moves and (ii)
A does not have an upper bound on the number of directions
it uses. The first problem is solved by using in .A” an apposite
direction that collects all states of A sent through e-moves
during a given execution. We face the second problem by
using the following property of PABT’s: if A accepts a tree
T, it must accept also a tree T’ with branching degree at
most equal to d’ = n*b(b+ 1)/2. This holds since, in each
state ¢ and degree g at a node x of the input tree, a set S that
satisfies the d(q, g,inp(x)) can contain at most |Q x Ny |
pairs of the kind ({¢’),q’). So, we can split each of such
a pair in at most ¢’ nodes of degree 1 and then, for each
state ¢’, we can have at most b(b+ 1)/2 distinct successors
of x. Therefore, it is possible to construct a relative run of
A’ by restricting our attention only to trees with degree at
most d’. The full construction of A’ is reported in [5]. We
conclude this proof sketch by only giving some intuition for
the transition relation of A’.

Suppose A = ({qo,q1},{a},2,9,qo,0, F), where the §
contains 4(go,0,a) = (g,q0) A ({2),q1). Hence, the degree
bound d’ for A is 6. Also, suppose that A’ is in the state
(H,H'), with H = {(q0,0)} and H' = . Now, as in
the classical case, the set {{(s,q0), ((2),¢1)}} satisfies the
relation § for all states in H, but in our construction we can
not use this set directly to build &', since all these tuples
contain an additional information (the degree) that we must
use to split (H, H') in all possible successors. Accordingly
to this fact indeed, we have the following two possibilities:
either A’ sends a copy of itself to one child with degree 2
or to two children with degree 1. Moreover, in both cases
A’ also sends a witness of the e-move to direction d’. H

Recall that for the NBT A’ with @’ as state set and
branching degree d’ the emptiness problem is solvable
in PTIME [32] and, precisely, in O(|Q’[>") (we directly
consider the one-letter automaton associated to .A’). Then,
by Theorem IV-F, the following result follows.

Theorem IV-G. The emptiness problem for a PABT A with

n states and counting branching bound b can be decided in
time 20(m**"),

By Theorems IV-E and IV-G, and by n = l|ecl(p)| =
O(l¢|) and b = deg(e) = O(|g|), we get that the
satisfiability problem for GCTL is in EXPTIME and precisely
solvable in time 2°(¢”). Since GCTL subsumes CTL, the
following holds.



Theorem IV-H. The satisfiability problem for GCTL is
EXPTIME-COMPLETE.

V. DISCUSSION

Graded modalities refine classical existential and universal
quantifiers by specifying the number of elements for which
the existential requirement should hold/universal require-
ment may not hold. Earlier work studied the extension of
the p-calculus by graded modalities and shown that the com-
plexity of the satisfiability problem stays EXPTIME in the
graded setting. In this paper, we have introduced and inves-
tigated a (semantic) fragment of the graded p-calculus, that
is GCTL, which extends CTL with graded path quantifiers
under a suitable concept of minimality and conservativeness
over paths. In particular, we have shown an exponential
translation from GCTL to graded p-calculus, and we have
proved that in some cases this blow-up is unavoidable,
making GCTL even more appealing in practice.

One of the main features of this logic is the capability to
express properties that are weaker than those definable with
the universal quantifications Aty and stronger than those de-
finable with the existential quantifications Ev. In “planning
in nondeterministic domain” [9], [8], for examples, the use
of strong planning (i.e., all the goals have to be satisfied by
all the computations) and weak planning (i.e., all the goals
have to be satisfied by some computation) are two extreme
ways to achieve a given purpose. With our logic, we are able
to express “graded specification” that can be considered as a
compromise between strong and weak planning, which are
also forced to be minimal (succinct).

As interesting results about GCTL, we have shown that
although this logic is more expressive than CTL, it retains
an EXPTIME satisfiability procedure. This result has been
achieved by exploiting an automata-theoretic approach via
the introduction of a new automata model, that is PATA.
As an immediate consequence, by using a classical product-
automata construction [19] through PATA’s, one can also
get that the model checking problem is as easy as CTL,
i.e. it stays in PTIME. We postpone this to future work.
However, we recall that model checking for GCTL without
the concepts of minimality and conservativeness has been
already solved in [13].

Other directions for future work regard the investigation
of graded path modalities along with more complex logics,
such as CTL", i.e., to investigate GCTL*. We believe that
it is not hard to extend to this logic the properties shown
for GCTL in Theorem III-F (expressiveness, tree and finite
model properties). On the contrary, to solve the satisfiability
problem for GCTL™ is less than immediate as the automata
model we have considered in this paper for GCTL is not
appropriate. Indeed, by using a theoretic-automata approach
similar to that one used for GCTL, we can reduce the sat-
isfiability problem for GCTL* to the emptiness problem of
PATA, but with an acceptance condition stronger than Biichi,

such as the parity one [25]. Unfortunately, the technique we
have shown to translate PABT into NBT is not appropriate
for parity automata. However, by using a technique based on
promises and strategies, as it was done in [18], we conjecture
that PATA along with a parity condition can be translated in
exponential-time into an alternating parity tree automaton.
Then, by using the fact that for the latter the emptiness
problem is solvable in exponential-time, we get that the
satisfiability problem for GCTL* is solvable in 2EXPTIME,
thus not harder than that for CTL*. By exploiting a similar
idea of that used for graded p-calculus, one could also show
that GCTL™ is equivalent to CTL* augmented with graded
world modalities (Counting-CTL* [24]) and we conjecture
that GCTL* is exponentially more succinct than Counting-
CTL* (for GCTL and Counting-CTL, this result holds by
simply applying the same idea used for the translation from
GCTL to the graded pu-calculus). This result is important as
it was shown in [24] that Counting-CTL" is equivalent to
monadic path logic, which is MSO with set quantifications
restricted to paths.
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APPENDIX

Given a Kripke structure £ = (AP, W, R, L) and w € W,
for all GCTL" state formulas ¢, the relation IC,w = ¢, is
inductively defined as follows.

1) K,w = p, with p € AP, iff p € L(w).

2) For state formulas ¢, 1, and s, it holds:

(2) K,w |~y iff not K, w | ¢, that is K, w £ ¢;
(b) K,w = o1 A s iff KK,w = o1 and K, w = @o;
(C) IC,U) ':SOI\/SO2 lffK:aw |:§01 or K:aw '2902

3) For a path formula 1) and a natural number g, it holds:

(@) K,w | A<9Y iff |mins(pth(K,w) \ Pr(K,w,
)| < g

(b) K, w = EZ94 iff |mins(Pa (K, w, )| > g;
where Pa(K,w,9) = {r € pth(K,w) | Vn' €
pth(K,w) : © < « implies K,7’,0 E ¢} and
Pr(K,w,y) = {r € pth(K,w) | I=’ € pth(K,
w):m<xmand K, 7,0 = ¢}

For all GCTL" path formulas v, paths = € pth(fC), and
natural numbers k£ < |r|, the relation KC,m, k = o is
inductively defined as follows.
4) K,m k= ¢, with ¢ state formula, iff K, 7(k) = ¢.
5) For path formulas ¢, ¥, and 19, it holds:

(a) K, 7, k= iff not I, 7, k=1, that is IC, 7, k |~
(UK

(b) K, 7, k= hy Ao 1 JC, 7, Kk =py and KC, 7, K = abos
©) K,k = 1 Vo iff K, 7,k = oy or Ky, k =
o (d) K, 7,k |= X4 iff k < |7| — 1 and K, , (k +
1) N

@ K,mkEXyiffk=|r|—1or K7, (k+1) | ¢;
H) K, 7,k E ¢1U s iff there is an index i, with
k < i < |m|, such that IC,7,i |= 1o and, for all
indexes j with k < j < 4, it holds K, 7, j = t1;

(g) K, 7,k | 1R 1)y iff for all indexes 4, with k <
i < |m|, it holds K, 7, |= 2 or there is an index j
with k < j < i, such that K, 7,5 = 9.



